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PREFACE 
The study of the problem of best approximation in general normed linear spaces 
has various advantages over its study by means of the classical methods of theory 
of functions. Here, we opt to mention the following: 
1. Due to geometric richness of normed linear spaces, within the framework of 
normed linear spaces, the problem of best approximation amounts to the problem 
of minimizing a distance, hence it is geometrized, and thus in its study one can use 
arguments based on geometric intuition but at the same time rigorously analytic. 
2. Due to the generality of normed linear spaces, from the results on best approxi-
mation in normed linear spaces one obtains as particular cases both the well known 
classical results in various concrete functional spaces besides many new results in 
these spaces, which up to now seemed to have no connection with various known 
results, are thus obtained in a unified way. 
The 'best approximation' in normed spaces is an independent subject in its own 
right. In this dissertation, we limit ourselves to those results on best approximation 
which are obtained using fixed point theorems. 
Nonlinear analysis is a remarkable confluence of topology, analysis and applied 
mathematics. Indeed, the fixed point theory is one of the most rapidly growing 
topic of nonlinear functional analysis. It is a vast and inter-disciplinary subject 
whose study belongs to several mathematical domains such as: classical analysis, 
functional analysis, operator theory, topology and algebraic topology etc. This topic 
has grown very rapidly perhaps due to its interesting applications in various fields 
within and out side the mathematics such as: approximation theory, successive ap-
proximation, integral equations, initial and boundary value problems for ordinary 
and partial differential equations, game theory, optimal control, nonlinear oscilla-
tions, variational inequalities, complementary problems, economics and others. 
The earliest fixed point theorem is due to L.E.J. Brouwer (1912) which asserts 
that a continuous mapping of a closed unit ball in 3f?" has at least one fixed point.This 
theorem since its origin, continued to be the source of inspiration for topologist and 
till date the existing literature has witnessed various extensions, generahzations and 
alternative proofs of this classical theorem. On the other hand, the first result in 
metric fixed point theory was given by S. Banach (1922) which is popularly referred 
as 'Banach Contraction Principle' which still forms a subject of research activity. 
In 1969, Ky Fan proved a fixed point theorem in normed linear spaces named 
as 'Ky Fan Best Approximation Theorem'. The importance of this theorem hes 
in the fact that one can easily deduces various lb:ed point theorems under weaker 
conditions as corollaries. Ky Fan theorem has been of great importance in various 
directions of nonlinear analysis such as: fixed point theory, approximation theory, 
game theory, minimax theory and variational inequalities. The results in last three 
chapters of this dissertation revolve around Ky Fan theorem. 
The present dissertation consists of four chapters. Each chapter is divided into 
various sections. Numbers like 1.3.4 indicate subsection 4 of the section 3 of the 
Chapter 1. As usual the numbers in brackets refers to the references fisted in the 
bibfiography. 
Chapter 1 is devoted to the background material which includes various classical 
fixed point theorems such as: Brouwer fixed point theorem, Banach contraction 
principle, Schauder fixed point theorem, Caristi fixed point theorem and Tychnoff 
fixed point theorem which also includes their certain noted generalizations. The 
multi-valued analogue of these classical results are surveyed which also includes 
some recent results of the existing Hterature. 
Chapter 2 deals with the Ky Fan best approximation theorem [38] and related 
results which forms the central theme of this dissertation. Several extensions and 
unifications of this theorem are discussed which also includes recent results on cones 
and spheres. The rest of this chapter is devoted to Prolla theorem [78] and some of 
its noted extensions and generalizations due to Carbone [19], Reich [79] and [90]. 
Chapter 3 is aimed at the survey of multi-valued analogue of Ky Fan best 
approximation theorem and allied results. The existing literature is quite extensive 
and we have fimited ourselves to the results due to Browder [12], Waters [106], Reich 
[80, 81], Sehgal and Singh [91, 93], Beer and Pai [5] and some others. 
In Chapter 4, we present some selected applications of certain fixed point the-
orems in approximation theory, invariance of best approximation and best simul-
taneous approximation. The fascinating notions fike convexity of Chebyshev sets, 
'sun' and 'moon' are discussed and some related results involving these notions are 
cited which are contained in [2, 10, 37, 105]. 
As usual, dissertation concludes with a bibliography which by no means is ex-
haustive one but lists only those books and papers which have been referred to in 
this dissertation. 
LIST OF ABBREVIATIONS 
A = B,A^ B : Equality and Inequality for sets 
[a, b], [a, b) e.t.c. : Intervals on the real line 
5(A) : Diameter of a set A 
D(A, B) : Distance between the sets A and B 
D(x, A) : Distance between the point x and set A 
d(x, y) : Distance from one point to another 
Ix : Identity mapping on a set X 
inf : Infimum (or greatest lower bond) 
max ; Maximum 
min : Minimum 
A'^  : Set of natural numbers 
3? : Set of real numbers 
3^?"*" : Set of non-negative real numbers 
sup : Supremum (or least upper bond) 
SoT : S composition T 
\x \ : Absolute value of x 
II • II : N o r m 
=> : Implies 
0 : Empty set 
e : Belongs to, belonging to 
0 : Does not belong to 
CHAPTER 1 
BASIC CONCEPTS AND 
RELEVANT RESULTS 
CHAPTER 1 
BASIC CONCEPTS AND RELEVANT 
RESULTS 
1.1. INTRODUCTION 
Fixed point theory is a rich, interesting and highly apphed branch of mathe-
matics. Fixed point theorems are very useful in the existence theory of differential 
equations, integral equations, functional equations, partial differential equations, 
random differential equations and other related areas. Fixed point theory has very 
fruitful applications in eigenvalue problems and boundary value problems includ-
ing approximation theory, game theory, optimal control, variational inequalities and 
complementarity problems. Fixed point theorems are also used in applied mathe-
matics, engineering and economics. 
The fixed point theory can be described fis the study of functional equation 
Tx = X in metric or non-metric setting. There exist many classical fixed point 
theorems which inspire research activities around them. Due to the limitation of 
space it is not possible to mention them all. To mention a few, we enlist the following 
classical fixed point theorems. 
(a) Brouwer fixed point theorem ([11, 1912]), 
(b) Banach contraction principle ([4, 1922]), 
(c) Schauder fixed point theorem ([87, 1930]), 
(d) Tychonoff fixed point theorem ([104, 1935]), 
(e) Browder-Gohde-Kirk fixed point theorem ([17, 44, 52, 1965]), 
(/) Sadovoski fixed point theorem ([84, 1967]), 
{g) Ky Fan best approximation theorem ([38, 1969]), 
(h) Nadler fixed point theorem ([69, 1969]) and 
(i) Caristi fixed point theorem ([21, 1976]). 
The survey in this dissertation revolves around Ky Fan best approximation the-
orem. Therefore this theorem and its alhed results will be discussed in details in 
subsequent chapters. 
For a comprehensive study of fixed point theory and related results the books by 
Istratescu [49], Singh et al. [96], Dugundji and Granas [35], Singer [95] and Kothe 
[55] are of special recommendation. 
As usual this chapter is elementary in nature where we collect the preliminary 
concepts and relevant fundamental results which are utmost required throughout 
this dissertation. 
1.2. BASIC DEFINITIONS 
In what follows, we collect some basic definitions needed throughout this expo-
sition. 
Definition 1.2.1 A subset C of a hnear space X is said to be star shaped if there 
is at least one p 6 C such that (1 — a)p -\-ax ^-.C for all a; G C and 0 < a < 1. The 
point p G C is said to be the star center of C. 
Notice that every convex set is a star-shaped but not conversely. 
Definition 1.2.2 Let C be a subset of a Banach space X. Then the convex hull 
of C is defined as CQ{C) = {Y^\Xi : 0 < Aj < l,XlAi = 1, Xj G C}, the set of all 
convex combinations of points in C. 
Definition 1.2.3 A Banach space X is called uniformly convex if for any e > 0 
there exists a 5 > 0, depending on e such that if ||2;|| = ||y|| = 1 and ||x — y|| > e, 
then | | i (x + y) | |< 1-6. 
In other words, X is uniformly convex if for any two points x and y on the unit 
sphere S, the midpoint of the line segment joining x and y can be close to but not 
on that sphere, only if x and y are sufficiently close to each other. 
Example 1.2.1 Every Hilbert space and sequence space ^ , 1 < p < oo, are 
uniformly convex. However, C[0,1] with the sup norm, (} and 1°° w.r.t. standard 
norms are not uniformly convex. 
Def].nition 1.2.4 A Banach space X is called strictly convex if and only \i x,y € 
X,x ^ 0 y^y and ||x-!-?/|| = ||x|| -I- ||y|| imply that x = Ay, A > 0. Equivalently, X 
is a strictly convex Banach space if whenever x,y ^ X, \\x\\ = ||y|| = 1 and x ^ y 
then 1(1(2;+ y ) | | < l . 
A uniformly convex Banach space is strictly convex but not conversely. The 
spaces £^  and L^ are not strictly convex. 
The Banach space X* of bounded linear functional on X is called the dual space 
of X. It generates a topology for X called the weak topology. For given e > 0 and 
a finite number of elements f\,f2,---,fn in X*, let 
V{fu /2, • • •, fn] €) = {xeX : \fi{x)\ < e, for every z = 1,2,..., n}. 
Then the family of all sets V{fi, /g, • • •, fn] e) for every choice of e and any finite 
sequence {/i,/2, • • • , / n} , defines a base of neighbourhoods of zero of a topology 
which is called the weak topology of X. Under the weak topology, a normed linear 
space A" is a locally convex topological vector space. In the sequel, by the terms 
weakly closed, weakly compact, weak closure of a set, we mean closed, compact, 
closure of a set with respect to the weak topology respectively. 
The norm topology ( or strong topology ) and the weak topology of a Banach 
space X are equivalent if and only if X is finite dimensional. A sequence {xn} € X 
converges weakly to y G X if and only if lim fxn = fy for every f E X*. 
In this connection the following results are very useful. 
Theorem 1.2.1 Every weakly convergent sequence {xn} is bounded and moreover, 
II lim x„|| < lim inf ||x„||. 
Theorem 1.2.2 Strong convergence implies weak convergence but not conversely. 
Theorem 1.2.3 Every closed convex subset of a Banach space is weakly closed. 
Theorem 1.2.4 A weakly closed set is strongly closed but not conversely. 
For every fixed vector x ^ X, the mapping of X* into $R or C, which to each 
f ^ X* assigns the value f{x) of / at x, is a continuous linear functional on X*, 
i.e., an element of X**. Moreover, the norm of this functional is equal to ||3;||. The 
canonical mapping of X into X** defined by this correspondence between elements 
of X and continuous linear functionals on X* is hnear and one to one. Therefore, it 
is an isometric embedding of X into X**. 
Definition 1.2.5 A Banach space X is called reflexive if the canonical embedding 
of X into X** is onto. 
Example 1.2.2 All Hilbert space and uniformly convex Banach space are reflexive. 
Also, sequence space ^ , 1 < p < oo is reflexive. 
A reflexive Banach space is not necessarily uniformly convex. For example, 
consider a finite dimensional Banach space in which the surface of the unit ball has 
a flat part. Such a Banach space is reflexive as its dimension is finite. But the fiat 
portion in the surface of the ball makes it non uniformly convex. 
Definition 1.2.6 Let T : X -» V be a mapping. Then T is said to be 
(a) demicontinuous at XQ if 2;„ —> ZQ ==^  Txn —>• Taro(weakly). 
(b) strongly continuous at XQ if Xn -^ XQ (weakly) => Txn —> TXQ • 
(c) weakly continuous at XQ if Xn -^ XQ (weakly) => Txn -^ TXQ(weakly). 
(d) demiclosed if x„ -> a;o (weakly) and Txn -^ y => y = TXQ. 
Definition 1.2.7 Let C be a subset of a Banach space X. Then a mapping T : 
C -> X* is called monotone if 
{Tx -Ty,x~y)>0 for aU x,yeC, 
and strictly monotone if {Tx — Ty, x — y) > 0 for all x,y e C{x ^ y). 
Definition 1.2.8 A real-valued continuous function \x defined on 3?+ is called a 
gauge function if 
(a) /i(0) = 0, 
(6) Hm \i{t) = oo and 
(c) fi is strictly increasing. 
Definition 1.2.9 Let A" be a Banach space and X* its dual space. The duality 
mapping in X with gauge function /x is a mapping J : X -^ 2^' such that J(0) = 0 
and for x 7^  0, 
J{x) = {feX':f{x)==\\f\\\\x\\, l l / IHMINI )} -
An important example of a monotone mapping from a Banach space X into its 
dual space X* is duality mapping. 
Definition 1.2.10 A Banach space X is called locally uniformly convex (LUC) if 
and only if, for given e > 0 and an element XQ ^ X with [|xo|| = 1, there exists a 
5{e. xo) > 0 such that 
whenever \\xo — y\\ > e and ||y|| = 1. 
<l-6. 
It is clear from the definitions that uniform convexity impUes local uniform con-
vexity but the converse is not true in general. 
Definition 1.2.11 A Banach space X is uniformly convex in every direction (UCED) 
if and only if, for any e > 0 and every nonzero z E. X, there exists a number 
6{e,z) > 0 such that ii x ~y = Xz, \\x\\ ~ \\y\\ = 1 and 
^ i ^ > 1 - <5, then |A| < e. 
A uniformly convex space is a UCED but the converse is not always true. In 
fact, there are even reflexive Banach spaces that are UCED but not isomorphic to 
a uniformly convex Banach space. 
Definition 1.2.12 Let X be a vector space over K. Then r is a vector topology on 
X if it is compatible with the vector space structure on X, that is, 
(a) the map {T,y) -^ x + y oi X x X -^ X, for all x,y £ X and 
[h) the map (A, x) -^ Xx oi K x X ^ X, for all A 6 i^ and xeX, 
are continuous. 
A vector space X with vector topology r, {X, T) is a topological vector space. 
In brief, a topological vector space is a vector space X together with a Hausdorff 
topology for which the vector operations are continuous. 
A normed linear space is a topological vector space and so is a Hilbert space. 
Definition 1.2.13 A vector topology r on X is said to be locally convex if r admits 
a local base at 0 consisting of convex sets. A vector space X with Hausdorff locally 
convex topology r is called a locally convex space. 
1.3. CERTAIN CLASSICAL RESULTS 
In this section, we discuss some classical fixed point theorems, especially the 
Banach Contraction Principle and some of its extensions. The Banach Contraction 
Theorem is important as a source of existence and uniqueness theorems in different 
branches of analysis. This theorem provides an illustration of the unifying power of 
functional analytic methods and the usefulness of fixed point theorems in analysis. 
5 
Definition 1.3.1 Let T : X -^ X he a function on a nonempty set X. A point 
X e X is called a fixed point of T liTx — x, i.e., a point which remains invariant 
under the transformation T is called a fixed point of T. 
In 1912, Brouwer [11] proved the earliest fixed point theorem which runs as 
follows: 
Theorem 1.3.1 Let C be the unit ball in 3R" Eind T : C ^ C a. continuous function. 
Then T has a fixed in C. 
An immediate corollary of this theorem on the real fine can be stated in the 
following way. 
Corollary 1.3.1 Every continuous self-mapping of a closed interval has a fixed 
point. 
Most of the problems arise in Functional analysis in function spaces and sequence 
spaces and therefore, it is natural to ask if the theorem can be extended to these 
spaces. Kakutani produced an example to show that Theorem 1.3.1 can not be 
extended to infinite dimensional spaces. 
Example 1.3.1 Let C = {x G /^  : ||x|| < 1} be the unit ball in the Hilbert space 
i'^. For each x = {xj, X2, X3,...} in C and define a map T : C —> C by 
Tx=^ {^Jl - | |x|P,Xi,X2,...,a;„,...}. 
Then |)Tx|| = 1 and T is continuous. But T admits no fixed point. 
In 1930, Brouwer theorem [11] was extended to infinite dimensional spaces by 
Schauder [87] which is as follows: 
Theorem 1.3.2 Every continuous self-mapping of a compact convex subset of a 
Banach space has at least one fixed point. 
The compactness condition on subset is a stronger one. Many problems in analy-
sis do not have a compact setting. It is natural to modify the theorem by relaxing 
the condition of compactness. Schauder [87] also proved a theorem for a compact 
map which is known as second form of Theorem 1.3.2. Before stating the theorem, 
we need the following definition. 
Definition 1.3.2 A self-mapping T of a Banach space X is called a completely 
continuous compact map if T is continuous and T maps bounded set to precompact 
set. 
6 
Remark 1.3.1 A compact map is always continuous but converse need not be true. 
For example, an identity function defined on an infinite dimensional normed space 
is continuous but not compact. 
The following is another form of Schauder fixed point theorem [87]. 
Theorem 1.3.3 Every compact self-mapping of a closed bounded convex subset of 
a Banach space has at least one fixed point. 
This theorem is of great importance in the numerical treatment of equations in 
analysis. 
In 1935, Tychonoff [104] extended Brouwer's result to a compact convex subset 
of a locally convex topological vector space. 
Theorem 1.3.4 A continuous self-mapping of a nonempty compact convex subset 
of a locally convex topological vector space has a fixed point. 
Definition 1.3.3 Let / be a self-mapping of a metric space X. Then / is said to be 
of Lipschitz class if there exists a real number A; > 0 such that d{fx, fy) < kd{x, y) 
for all x,y e X. If A; < 1, then / is called contraction map. In case d{fx,fy) < 
d{x,y), X ^y, then / is said to be a contractive map. 
The Banach Contraction Principle is stated below. 
Theorem 1.3.5 [4] Every contraction self-mapping of a complete metric space has 
a unique fixed point. 
The Banach Contraction Principle has been extended in many different direc-
tions. An excellent reference for many of the results on contraction mappings on 
complete metric spaces is the survey by Rhoades [82]. We do not intend to retrace 
that ground here. We select only some recent extensions of the Banach Contraction 
Principle where neither / is continuous nor of contraction type. 
Theorem 1.3.6 [35] Let / be a self-mapping of a metric space X. Assume for 
each e > 0 there is a 5{e) > 0 such that if d{x,fx) < 5, then f{B^{x)) C B^{x). 
If d[f^y, f^^^y) -> 0 for some y 6 X, then the sequence f^y converges to a fixed 
point of / . 
Caristi [21] proved the following theorem vdiere neither continuity nor a Lipschitz 
condition is required. For this, we need the following definition. 
Definition 1.3.4 Let X be a metric space. A function f : X -^ U is said to be 
lower(upper) semicontinuous at XQ if 
liminf/(x) > /(a;o)(Iimsup/(x) < /(XQ)) as X -> XQ. 
Theorem 1.3.7 [21] Let X be a complete metric space and 0 : X -> [0, oo) a lower 
semicontinuous function, li T : X —^ X is such that for each x E X, d{x, Tx) < 
0(x) — (/){Tx), then T has a fixed point. 
Notice that if we assume T is continuous, then the proof is a simple one. For 
any fixed XQ & X let Xn — T^XQ. Then 
d{Xn+l,Xn) < (j)[Xn) - 0(Xn+l). 
Hence {^(x„)} is a decreasing sequence. 
Now 
N 
J^d(xi+i,Xi) < (J){XQ). 
1=0 
So {xn} is a Cauchy sequence. Since X is a complete metric space, {xn} converges 
to y G X. As T is continuous, Ty = y. 
If T : X -> X is a contraction map, i.e., d{Tx,Ty) < kd{x,y), 0 < k < I, then 
conditions of Caristi's theorem are satisfied by taking 0(x) = ~^d{x,Tx). 
Remark 1.3.2 The proof of Theorem 1.3.7 is obtained by using a well known result 
of Takahashi [103]. We need the following definition. 
Definition 1.3.5 Let / : X -)• X be a function. Then / is said to be a proper map 
if f"^{C) is compact for each compact set C C X. 
Theorem 1.3.8 [103] Let X be a complete metric space and let (j) : X -^ ^ be 
a proper lower semicontinuous function and bounded from below. Suppose that 
for each u G X with inf (p{x) < (f){u), there exists a t; G X such that v ^ u and 
(f){v) + d{u, v) < (}){u). Then there exists an XQ G X such that 0(xo) = inf 0(x). 
Remark 1.3.3 Let T be a self-mapping of a metric space X, then there exists a 
0 : X ^ [0,oo) satisfying d(x,Tx) < (/)(x) - (t>{Tx) if and only iiY.d{T''x,T''^^x) 
converges for all x G X. 
Recently, Aamri and El Moutawakil [1] generalized Theorem 1.3.7 by removing 
lower semicontinuity of the map. 
Theorem 1.3.9 Let T be a self-mapping of a complete metric space {X, d). Suppose 
that there exists a mapping </>: X -> JR"^  such that 
(a) dix,Tx)<4>{x)-4>{Tx), ^xeX, 
{b) d{Tx,Ty)<ma:K{dix,y),'^[d{x,Ty) + d{y,Tx)]}, \/xj^yeX. 
Then T has a unique fixed point. 
The notion of fuzzy set was introduced by Zadeh [109] in 1965. The recent 
literature observed the fuzzification in almost every direction of mathematics. Later, 
Kramosil and Michalek [56, 1975] gave the concept of fuzzy metric space. 
Definition 1.3.6 [109] A fuzzy set 4^ in X is a function with domain X and values 
in [0,1]. 
Definition 1.3.7 A binary operation • : [0.1] x [0,1] -^ [0,1] is a continuous t-
norm if {[0,1],-*^ } is an abelian topological monoid with unit 1 such that a-kb <c-kd 
whenever a < c and b < d, for all a, b,c,d^ [0,1]. 
Definition 1.3.8 [56] The triplet (X,M,-k) is a fuzzy metric space if X is a non-
empty set, • is a continuous t-novm. and M is a fuzzy set in X"^ x [0, oo) satisfying 
the following conditions: 
(a) M(x ,y ,0 ) -0 
(6) M{x,x,t) = l, yt>0 
(c) M{x,y,t) = l=^x = y 
(d) Mix,y,t) = Miy,x,t) 
(e) M{x,y,t)i^M{y,z,s) < M{x,z,t + s) 
(/) M(x,y,.) : [0,oo) —> [0,1] is a left continuous for all x,y,z ^ X and s,t > 0. 
Here, one can notice that every metric space induces a fuzzy metric space. 
Grabiec [45,1988] extended classical Banach Contraction Principle to fuzzy met-
ric spaces in the sense of Kramosil and Michalek. Recently, George and Khan [42, 
2005] introduced the concept of dislocated fuzzy metric space. They showed that 
every fuzzy metric space is a dislocated fuzzy metric space but converse need not be 
true. The following theorem due to George and Khan [42] is an extension of Banach 
Contraction Principle to dislocated fuzzy metric spaces. 
Definition 1.3.9 [42] If Af satisfy conditions (a) and (c) - (/) of Definition 1.3.8, 
then (X, M, -k) is said to be dislocated fuzzy metric space. 
Theorem 1.3.10 [42] Let (X, M, •) be a dislocated fuzzy metric space and let / 
be a self-mapping of X that satisfy the following conditions: 
(a) f{X) is complete, 
(5) M{fx, fy,kt) > M{x,y,t),y x,y eX, ke (0,1) and 
(c) lim M{x,y,t) = 1. 
£->oo 
Then / has a unique fixed point. 
1.4. NONEXPANSIVE MAPPINGS 
A self-mapping / of a metric space or normed space X is said to be nonexpansive 
if d{fx, fy) < d{x,y) for all x,y e X. A nonexpansive mappings may not have a 
fixed point or it may have more than one fix;ed point. Therefore, it is interesting 
to study the problems of the existence of solutions of fx = x and properties of the 
solution set. For nonexpansive mappings, the sequence of iterates Xn+i = fxn, n = 
0,1,2, . . . need not converge to a fixed point of / . For example, let / : [—1,1] —> 
[—1,1] be given by fx = —x. Then for XQ ^ 0, x^-^i = j^n does not converge to 
0 = /0 . 
We have the following for nonexpansive mappings. 
Theorem 1.4.1 Every nonexpansive self-mapping of a compact convex subset B of 
a normed hnear space X has a fixed point (see [96]). 
Proof. Take a fixed XQ G B and define fr^ : B -^ B by 
fnix) = rifx + (l -ri)xo 
where 0 < TJ < 1 and r, -^ 1 as z —> co. Then each /rj is a contraction map and 
there is an x^ such that fnXn = x^ by the Banach Contraction Principle. The 
bounded sequence {x^} has a convergent subsequence {x i^ } which converges to x, 
say. 
We claim that x is a fixed point of / . 
On letting p ^ oo, we get x = / x since / is continuous and rjp —> 1. 
It is well known that the fundamental properties of contraction mappings do not 
extend to nonexpansive mappings. It is of great importance in applications to find 
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out if nonexpansive mappings have fixed points. In order to obtain existence of fixed 
points for such mappings, some restrictions must be made either on the domain of 
the mapping or on the mapping itself. 
The following well-known result for nonexpansive mapping, which was proved 
independently by Browder [17], Gohde [44] and Kirk [52] which is popularly also 
referred as Browder-Gohde-Kirk fixed point theorem. 
Theorem 1.4.2 Let C be a nonempty closed bounded convex subset of a uniformly 
convex Banach space X and T : C -> C is nonexpansive, then T has a fixed point. 
Definition 1.4.1 A self-mapping T of a Banach space X is called asymptotically 
regular if for any x G X, \\m^\\T''^^x - VxW = 0. 
Remark 1.4.1 A nonexpansive mapping need not be asymptotically regular. For 
example, a translation map is not asymptotically regular. 
The following remarkable observations are given by DeFigueredo [27]. 
(a) If {xn} and {yn} are two sequences in a uniformly convex Banach space X such 
that ||xn|| -> 1, WvnW < \\xn\\ and | | ^ ^ ^ | | ->• 1 as n -> oo, then ||x„ - yn\\ ^ 0 as 
n —>• oo. 
Indeed, let 2„ - ijf^ and Wn = i j ^ . Then ||z„|| = 1, ||w„|| < 1 and \\'-^\\ -> 1. 
By uniform convexity, we get ||z„ — w„|| —^  0, i.e., ||2;„ — t/„|| —>• 0 as n —)• oo. 
{h) The above observation (a) is also vahd for Ax„ + (1 - A)y„, 0 < A < 1, in place 
of 5 ^ . 
Browder and Petryshyn [18] proved the following fundamental result for a non-
expansive and asymptotically regular mapping in a Banach space. 
Theorem 1.4.3 Let T be a nonexpansive self-mapping of a uniformly convex Banach 
space X. If F{T) ^ 0, then the mapping TA = A/ + (1 - X)T, 0 < A < 1 is 
nonexpansive and asymptotically regular. Moreover, F{T) = F{Tx). 
The following well known result for a strictly convex Banach space has been 
given by Browder [17]. 
Theorem 1.4.4 The set of fixed points of a nonexpansive self-mapping defined on 
a strictly convex Banach space is convex. 
The following example due to deMarr [28] demonstrate that the Theorem 1.4.4 
is not true in general Banach spaces. 
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Let X = 3?^  with ||x|| = max{|xi|, \x2\}- Let T be a mapping defined by 
Tx = T{xi,X2) = (1x21, X2). 
It is easy to see that T is nonexpansive, (1,1) and (1,-1) are fixed points of T. 
However, no other point in the line segment joining these two points is a fixed point 
ofT. 
Theorem 1.4.5 [17] Every nonexpansive mapping T : C ^ H where C is a 
nonempty subset of a Hilbert space H, the mapping / -- T is demiclosed. 
Proof. Let {xn} C C be a sequence that converges weakly to an element XQ € C 
and a sequence [xn — T{xn)} converges to an element yo in H. Then we have 
lim inf llxn - XQII > lim inf ||Tz„ - r,Xo|| = lim inf llx^ -VQ- TXQ\\. 
ra->oo n->oo ' n->oo " ' 
Note that, in a Hilbert space H, if x„ -^ XQ weakly and XQ 7^  y, then hm inf ||3;„— 
xoll < lim inf llxn — y\\, so XQ = yo + TXQ. That is, (/ — T)xo = yo-
n—>oo 
In what follows, we show that some results on fixed point theorems can be 
obtained in the general setting of a Banach space, even when the hypothesis of 
nonexpansiveness is considerably weakened. Indeed, the analysis involved in the 
proofs of various theorems on nonexpansive mappings does not require the full force 
of nonexpansiveness when fixed point set of the mapping is nonempty. 
Definition 1.4.2 A mapping T : X -^ X is called quasi-nonexpansive provided T 
has at least one fixed point in X and if p G F{T), then 
| | T x - p | | < | | x - p | | holdsforall xeX. 
The concept of quasi-nonexpansive mappings was essentially introduced by Diaz 
and Metcalf [29] along with the some other related ideas. But Dotson [34] has la-
belled this concept as quasi-nonexpansive. It is clear that a nonexpansive mapping 
with at least one fixed point is quasi-nonexpansive. A linear quasi-nonexpansive 
mapping on a Banach space is nonexpansive on that space. But there exists contin-
uous and discontinuous nonfinear quasi-nonexpansive mappings that are not non-
expansive. Dotson [34] gave the foUov/ing example which is continuous quasi-
nonexpansive but not nonexpansive. 
Exeimple 1.4.1 The mapping T : 3? -)• 3? defined by 
r(x) = • 
fsmi, ifx^O 
[0, z/ X - 0. 
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is quasi-nonexpansive but not nonexpansive. 
Here, Tx ^ x for any x 7^  0 since if Tx — x, then x = f sm^; i.e., 2 = sin-
which is impossible. T is quasi-nonexpansive since for x G 5R, we have 
li^^-0|| = ||||||Nn^||<i!|^<||x|| = ||x-0|i. 
Ho\vever, T is not nonexpansive map. Indeed, if xi = ^ and X2 = -^, then 
|xi - S2I = K l - ]^) = iS^ and l/xi - /X2I = YIJ^. Thus, |/xi - /X2I > |xi - Xsl-
Dotson [34] proved the following result. 
Theorem 1.4.6 Let C be a closed bounded convex subset of a strictly convex Ba-
nach space X and let T : C -^ C be quasi-nonexpansive. Then F{T) is a closed 
convex set and T is continuous on F{T). 
1.5. DENSIFYING MAPPINGS 
The theory of measure of noncompactness and densifying operators has fruitful 
applications in various branches of mathematics namely: general topology, geometry 
of Banach spaces and the theory of differential equations. An exclusive and detailed 
study of this topic has been recently given by Sadovski [84], who also provides an 
almost up-to-date comprehensive bibliography. 
The most widely used measure of noncompactness on metric spaces is the one 
introduced by Kuratowski [57] which was later utilized by Darbo [26], Furi and 
Vignoh [41], Nussbaum [70], Petryshyn [76] and others in the study of densifying 
mappings. The concept of measure of noncompactness can be described as follows: 
Definition 1.5.1 Let D be a bounded subset of a metric space X. Define the 
measure of noncompactness Oi{D) of D by 
a{D) = inf{6 > 0 : D admits a finite covering of subsets of diameter < e}. 
The concept of fc-set contraction is very close to the measure of noncompactness 
and describe in following way. 
Definition 1.5.2 Let T be a continuous self-mapping of a Banach space X. Then 
T is called a k-set contraction if, for all A C X with A bounded, T{A) is bounded 
and a{T{A)) < ka{A), 0<k<h 
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If a{T{A)) < a{A), for all a{A) > 0, then T is called densifying (or condensing). 
If a{T{A)) < a{A), then T is called a 1-set contraction [70]. 
Remark 1.5.1 A A;-set contraction with A; € [0,1) is densifying but the converse is 
not true. 
Also contraction self-mapping of a metric space is a k-set contraction whereas 
every nonexpansive mapping defined on a metric space is a 1-set contraction (see 
[41]). 
Theorem 1.5.1 Every completely continuous compact self-mapping of a Banach 
space is a A;-set contraction. 
The following result is contained in Furi and Vignoli [40]. 
Theorem 1.5.2 Let T : C —)• C be a 1-set contraction mapping defined on a closed 
bounded convex subset C of a Banach space X. Then 
i n f{ | | x -Tx | [ : a ;GC} = 0. 
Proof. Let XQ € C. Define Tx : C-^ C hy 
7\(2;) = (1 - X)xo + XTx, 0 < A < L 
The mapping Tx is a A-set contraction for 0 < A < 1. Indeed, ii A C C, then 
T,{A) = {l-X)xo + XT{A). 
Hence, 
a{UA)) = a{{l-X)xo + XT{A)) 
< (1 - X)a(xo) + Xa{T{A)) 
= MT{A)). 
Therefore, it follows from result of Darbo [26] that Tx has at least one fixed point 
xx in C for any A, 0 < A < L 
Furthermore, Tx{x) converges to T{x) uniformly on C as A —> 1. But, \\xx — 
T{xx)\\ = \\Txixx) - Tixx)\\. Therefore, ||XA - T{xx)\\ -^ 0 as A -^ 1, hence, 
mf{\\x-T{x)\\:xeC} = 0. 
The following lemma due to Martelh [65] is required in the proof of next theorem. 
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Lemma 1.5.1 Let T be a self-mapping of a compact topological space X. Then 
there exists a nonempty subset K C X such that K — T{K). 
The following result has been very widely used. 
Theorem 1.5.3 (cf.[41, 70, 84]) Every densifying self-mapping T defined on a 
closed bounded convex subset C of a Banach space X admits at least one fixed 
point. 
Proof. For XQ G C , consider the sequence {T"(a;o) : n = 1,2,...} and let K be its 
closure. Then K is invariant and compact. Therefore, by Lemma 1.5.1, there exists 
a nonempty subset M C K such that M - 'T{M). 
Consider F = {B C C : M C B,B closed convex invariant under T}. Let A — 
n{B : B e F}. Clearly, A = cd{T{A)), the convex closure of T{A). 
Since a{co{T{A)) — a{T{A)), we get A is compact. Then by the Schauder fixed 
point theorem, there exists a point z & A such that T{z) = z. 
The existing literature contains fixed point theorems which are proved for map-
pings with a boundary condition. 
Let T : Br ^ X satisfy the following boundary condition: 
if T{x) = kx, for some x in dBr, then k <1. (1.5.1) 
Definition 1.5.3 Let C be a subset of a Banach space X and f : C -^ X a. map. If 
{xn} C C is a bounded sequence and {x„ — fxn} is a convergent sequence implying 
that there exists a subsequence {xm} which is convergent, then / is said to be 
demicompact. 
The following results are due to Petryshyn [76]. 
Theorem 1.5,4 Let D be a bounded open subset of a Banach space X with 0 in Z? 
and letT : D -^ X he a 1-set contraction satisfying (1.5.1) on D. If (/ - T){D) is 
closed, then F{T) 7^  0. In particular, if T is demicompact and a 1-set contraction, 
then F{T) is nonempty and compact. 
Proof. For each t £ (0,1), consider the t-set contraction Tj of D into X defined by 
Tt{x) = tT{x). It is easy to see that Tt satisfies condition (1.5.1) on D for each t 
in (0,1). Choose a sequence {tn} 6 (0,1) which converges to 1. For each t„, there 
exists an Xn G D such that Tt^{xn) = x^. Since T{xn) - x„ = (1 — tn)T{xn) and 
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T{D) is bounded, it follows that 
T{xn) — Xn —>• 0 as n —>• oo. (*) 
In view of (*) and closedness of (/ — T){D), we see that 0 G (/ — T){D). Hence, 
F{T) ^%. If we assume that T is demicompact and 1-set contraction on D, then 
(/ - T){D) is closed and thus, F{T) ^ 0. Pu.rthermore, F(T) is also compact since 
T is demicompact on D. 
Remark 1.5.2 The set (/ - T){p) is closed if T is densifying. 
Remark 1.5.3 If D is convex and T{p) C D, then (1.5.1) holds on D. 
Theorem 1.5.5 [76] Let D he a bounded open subset of a Banach space X and 
T : D -^ X a 1-set contraction such that T satisfies any one of the following 
condition: 
(a) There exists an XQ € D such that if T{x) - XQ = a{x - XQ) holds for some 
X e dD, then a < 1. 
[b] D is convex and T{D) C D. 
Then, if (/ - T){D) is closed, we have F{T) ^ 0. In particular, if T is demicompact 
and 1-set contraction, then F{T) is nonempty and compact. 
Proof. Consider the set C = D — XQ = {x — XQ : X G D } . It follows that C is 
compact bounded open 0 € C, dC = dD — XQ, and C — D — XQ. Furthermore, C is 
convex if D is convex. Define T' : C —> X by T'y = Tx — xo, where y — X — XQ ^ D. 
Then T' is 1-set contraction and T' satisfies condition (1.5.1) on dC. 
Furthermore, (/ - r)C is closed since (/ - r)(C) = (/ - r)(D). Thus, V and 
C satisfy all the conditions of Theorem 1.5.4. Hence, there exists a y G C such that 
T'{y) — y; i.e., T{x) - XQ — x - XQ with x 6 D. 
Second part of the theorem also follows since the demicompactness of T implies 
the same for T'. Condition (b) imphes condition (c). Suppose condition (b) holds 
arid let XQ be any fixed element in D. Then C = D — XQ is convex, 0 G C and 
T'(dC) C C since T'(C) = T(D) - XQ C D ~ XQ = C and D is convex. Hence, 
by Remark 1.5.3 following Theorem 1.5.4, T' satisfies condition (1.5.1) on dC, i.e., 
condition (a) is satisfied. 
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1.6. MULTI-VALUED MAPPINGS 
The study of fixed point theorems for multi-valued mappings in finite dimensional 
spaces was initiated by Kakutani [51, 1941] and was extended to infinite dimensional 
Banach spaces by Bohnenblust and Karfin [7, 1950] whereas such study was initiated 
by Fan [39, 1952] in locally convex spaces. 
The development of geometric fixed point theory for multifunctions was initiated 
by Nadler, Jr. [69] and subsequently pursued by Markin [64], Assad and Kirk [3], 
Browder [12, 13], Himmelberg [48], Lami-Dozo [58] and others. 
Fixed point theorems for multifunctions are useful in control theory and have 
been effectively used in tackling problems in economics and game theory. 
In what follows, we first recall the definitions and notations which are to be 
utihzed to state various results from the existing Uterature. 
Let X and Y be two sets. A multifunction F from X to F, denoted by F : X —)• 
y, is a subset F C X xY. The inverse of F is the multifunction F~^ -.Y-^X 
defined by (?/, x) e F~^ if and only if {x, y) € F. The values of F are the sets F(x) = 
{yeY: {x,y) G F}; the fibers of F are the sets F'^y) = {x e X : {x,y) e F} for 
y £Y. Thus, the value of F~^ for y G 7 is the fibre F~'^{y). 
For yl C X, the set 
F{A) = U^^AFix) = {yeY: F-\y) n A 7^  0} 
is called the image of A under F; for B C Y, the set 
F-'{B) = Uy^BF-\y) = {x e X : F(x) n B ^ 0}, 
the image of B under F ~ \ is called the inverse image of B under F. 
Definition 1.6.1 A multifunction F : X -^ X is said to have a fixed point if the 
point belongs to its image set (i.e. z G F{z) for some z e X). 
Definition 1.6.2. Let X and Y be topological spaces. A multifunction F : X ^Y 
is called 
(a) upper semicontinuous if the inverse image of a closed set is closed, 
(6) lower semicontinuous if the inverse image of an open set is open. A multifunction 
F is called continuous if it is upper as well as lower semicontinuous. 
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Definition 1.6.3 Let X and Y be topological spaces. A multifunction F : X -^Y 
is said to be 
(a) closed if it is closed as a subset oi X xY and 
{b) F is compact if the image F{X) of X under F is contained in a compact subset 
ofy. 
We now state some important and useful results which are used in the sequel. 
Theorem 1.6.1 Assume that X,Y and Z are topological spaces. 
(a) If F : X -» y is upper semicontinuous with compact values and Y is Hausdorff, 
then F is closed. 
(6) If F : X -)• y is upper semicontinuous with compact values, then F{K) is 
compact whenever K C X is compact. 
{c) li F : X -^ Y and G -.Y -^ Z are upper semicontinuous, then G o F is upper 
semicontinuous. 
Fixed point theory for a multifunction was originally initiated by von Neumann 
in the study of game theory. Kakutani [51] proved a generahzation of Brouwer's 
theorem to multifunctions. 
Theorem 1.6.2 [51] Every upper semicontinuous multifunction F defined on a 
closed bounded convex subset of 3?" with nonempty closed convex values has a fixed 
point. 
The multi-valued analogue of Schauder's fixed point theorem was given by Bohnen-
blust and Karlin [7]. 
Theorem 1.6.3 [7] Every upper semicontinuous multifunction defined on a non-
empty compact convex subset of a Banach space with nonempty closed convex values 
has a fixed point. 
The multi-valued analogue of Tychonofi"'s fixed point theorem was given by Fan 
[39] and Glicksberg [43] independently. They proved the following result. 
Theorem 1.6.4 Every upper semicontinuous multi-valued mapping F defined on a 
nonempty compact convex subset of a locally convex Hausdorff topological vector 
space X with nonempty closed convex values admits a fixed point. 
Himmelberg [48] generahzed the Fan-Glicksberg fixed point theorem as follows; 
Theorem 1.6.5 Let F be an upper semicontinuous multifunction defined on a 
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nonempty convex subset if of a locally convex HausdoriF topological vector space 
X with nonempty closed convex values and F{K) is contained in a compact set of 
K, then F has a fixed point. 
Let {X, d) be a metric space. We recall the following, 
{a) CB{X) — {A : A is nonempty closed and bounded subset of X}. 
(b) For nonempty subsets A,B of X, 
H{A, B) = max{sup d{a, B), sup d{A, b)}. 
a€A b&B 
It is well known that CB{X) is a metric space with the distance H which is 
known as Hausdorff-Pompeiu metric on CB{X). 
Definition 1.6.4 Let X be a metric space and CB{X) the family of nonempty 
bounded closed subsets of X. A multifunction F : X -^ CB{X) is called a Lipschitz 
mapping with Lipschitz constant A > 0, if H{F{x), F{y)) < Xd{x,y), for any x,y G 
X. F is called nonexpansive if A < 1 and a set-valued contraction if A < 1. 
Nadler Jr. [69, 1969] gave the following as a multi-valued analogue of Banach 
Contraction Principle. 
Theorem 1.6.6 Every multi-valued contraction of a complete metric space has a 
fixed point. 
The current literature has noticed many generahzations and extensions of Nadler's 
theorem to diflFerent spaces. In recent year, Donchev and Angelov [32, 2000] partially 
extended Nadler theorem to locally convex topological vector spaces. 
In 2004, Moutawakil [68] also extended Nadler fixed point theorem to symmetric 
spaces. Before stating the theorem, we need the following definitions. 
Definition 1.6.5 A nonempty subset A of a symmetric space {X,d) is said to be 
rf-bounded iflf Sd{A) < cx), where 5d{A) = sup{d{x, y) : x,y e A}. 
Definition 1.6.6 Let {X,d) be a symmetric space. Then X is ^-complete if for 
every d-Cauchy sequence {xn}, there exists a; in X with hm d{x,Xn) = 0. 
Wilson [107] gave following axiom in symmetric space {X, d). 
(W4) Given {a;„}, {yn) and x in X, lim d{xn^x) = 0 and Hm d{xn,yn) = 0 imply 
that hm d(y«, x) = 0. n—>oo n-+oo 
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Theorem 1.6.7 [68] Let {X,d) be a d-bounded and iS-complete symmetric space 
satisfying {W4) and T : X -^ C{X) be a multi-valued mapping such that 
H{Tx,Ty)<k.d{x,y), fc G [0,1), Vx,yeX. 
Then T has a fixed point in X. 
Definition 1.6.7 A mapping F : X -^ 2^ is demiclosed if and yn £ Fxn 
such that Vn -^ y then y € JPX. 
Notice that for single-valued mapping this definition reduces to Definition 1.2.6(d). 
Definition 1.6.8 A Banach space X is said to satisfy Opial's condition if for each 
XQ & X and each sequence {xn} in X weakly converging to XQ the inequality 
liminf ||2;„ — a;|| > liminf Hzn — Xoj| 
holds for all x ^ XQ. 
Remark 1.6.1 Every Hilbert space and sequence space ^ (1 < p < 00) satisfies 
Opial's condition. 
The following theorem is due to Lami Dozo [58]. 
Theorem 1.6.8 Let X be a Banach space which enjoys Opial's condition. If i^ " is a 
nonempty convex weakly compact subset of X and F : K -^ C{K) {C{K} denotes 
the family of nonempty compact subsets of K) is a nonexpansive mapping, then F 
has a fixed point in K. 
Proof. Let XQ G K he a. fixed element. Assume that {kn} be a sequence in (0, 1) 
which converges to L Define 
FnX ^ knFx + {1 - kn)Xo. (1.6.1) 
Then F^ : K -> C{K) and each Fn is contraction. By Theorem 1.6.6, there exists an 
Xn£ K such that x„ G F^Xn- Since K is weakly compact, there exists a subsequence 
of {xn\, again denoted by {xn}, converging weakly to x ^ K. From (1.6.1) we have 
Xn = knZn + (1 " fcn)xo whcre z^ G Fx„. 
So, | jx„-2„| | = (l-fc„))|xo-z„||. 
Hence, yn = a;n - -^ n G (/ - -F)x„ and y„ -^ 0, 
which means that (xn, yn) G G{I - F) with x„ ->• x and y„ —)• 0. Since / - F is 
demiclosed 0 G (/ - F)x, that is, x G Fx. 
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The following results are on the same lines and in each of these T satisfies the 
following condition: 
for all xeK, for all y e Tx, {x,y]nK ^0 (1.6.2) 
where {x,y] = {(1 — a)x + ay, 0 < a < 1}. 
Theorem 1.6.9 [66] Let Khea. nonempty closed and starshaped subset of a Banach 
space X and T : K —)• 2^ be a nonexpansive mapping such that the condition (1.6.2) 
holds. Then T has a fixed point provided T(K) is bounded and {I — T)K is closed. 
Proof. First it is shown that there is a sequence {xn) E K and a sequence {j/n} € X 
with y„ e T{xn) such that 
3^n — ^n —> 0 as n -^ oo. 
Let 9 be a starcenter of K. For each n G N, define a set-valued map 
T„ : X -^ 2^ by T„(x) ={I--\TX + -q. (1.6.3) 
\ n/ n 
Then r„x G 2^ and Tn satisfies the condition (1.6.2) so does T. Each Tn is a 
contraction map for n G AT. Therefore, by Theorem 1.6.6, for each n €: N, there 
exists an Xn € K such that Xn € Tn{xn)-
Therefore, by (1.6.3) we have 
Xn ^  (1 1 Txn + -q 
\ nj n 
which implies that there is a y^ E Txn and n G N such that 
1 1 
Xn-yn = -q Vn-
n n 
Since T{K) is bounded, 
^n — ^n —>• 0 a s n —>• GO. 
Now by the assumption that (7 — T)K is closed, 0 € (/ - T)K. Hence, there is an 
x e K such that x E Tx. 
Theorem 1.6.10 [66] Let X be an Opial space and K a weakly closed starshaped 
subset of X. Let T : i^ ->• 2^ be a nonexpansive mapping satisfying the Condition 
(1.6.2). Then T has a fixed point provided T{K) C B for some weakly compact 
subset B of X. 
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Proof. Since X is an Opial space, we have that if Xn —> x weakly and y 7^  x, the 
hminf [|xn — x|| < Uminf ||Xji — y||. Let (/ — T)K is closed, then the proof should 
follow from Theorem 1.6.9. 
Let y be a limit point of (/ — T^K. Then there is a sequence {y„} with y^ ^ {I -
T)xn for some Xn ^ K and yn -^ y, which implies that for each n ^ N, Xn—yn^ Txn 
and yn -> y. 
Since the sequence {xn-yn} Q B, there \.sa.w e B and a subsequence x^ -ym -> 
w e B weakly. Since y .^ -> y, it follows that Xm -^ y + w weakly. Let z = y + w. 
Since K is weakly closed, z e K. Without any loss of generality, assume that 
x„ •-> z weakly. Now, for each n e N, Xn — yn € Txn implies that there is a 2^  G Tz 
such that ||x„ -yn- Zn\\ <\\xn- z\\. 
Since Tz is compact, there is a subsequence z^ -^ t e Tz and yni+ z^ -^ y + t. 
Then, it follows that liminf j|xnj - t - y\\ < liminf ||xrn - z\\. Hence, y + t = 
z, i.e., y = z-te{I- T)K, which imphes that (/ - T) is closed and rest of the 
proof follows from the proof of Theorem 1.6.9. 
Itoh and Takahashi [50] proved the following result. 
Theorem 1.6.11 Let i^ ^ be a weakly compact starshaped subset of a Banach space 
X which enjoys Opial's condition. Let F be a nonexpansive mapping from K into 
C{X) with the boimdary condition that for each x G dK, implies Fx C K. Then 
F has a fixed point in K. 
Proof. Let XQ be the starcenter of K. Choose a sequence {kn} such that 0 < k^ < 1 
and kn—> 0 asn-> 00. Define Fn : K -^ C(X) by FnX = knXo + (1 - kn)Fx, x e K. 
Then, each Fn is a (1 - A;„)-contraction and i^ „x C K for each x 6 dK. By Theorem 
L6.6, there exists an x„ E -AT such that Xn G F^Xn, which implies that there is a 
y„ G Fxn such that Xn = knX^ + (1 — kn)yn- By the weak compactness of K, we 
can assume, without loss of generahty, that {xn} converges weakly to some element 
xilK. 
Since ||xn - y„|| -> 0 as n -^ ^ 00 and I - F \s demiclosed, we have 0 G (/ - F)x; 
that is, X G Fx. 
The following is due to Ko [54]. 
Definition 1.6.9 Let /C be a convex subset of X. The mapping F : K ^ CB{X) 
is said to be semiconvex on K, if for any x,y £ K, z — kx + {1 - k)y, where 
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0 < k < 1 and for any xi G Fx, y\ G Fy, there exists zi G Fz such that ||2i|| < 
max{l|xi||,||yi||}. 
Defi.nition 1.6.10 Let /T be a nonempty subset of a Banach space X. A map 
F : K -^ CB(X) is said to be inward if Fx C I^ix) for all x e K and weakly 
inward if Fx C /;^(x) for all a; G /iT. 
Theorem 1.6.12 [108] Let K he a nonempty weakly compact convex subset of 
a Banach space X and let i^ ; i^ -4 C{X) be a nonexpansive and weakly inward 
mapping. If (/ — F) is demiclosed or semiconvex on K, then F has a fixed point. 
Proof. Let XQ G K. Choose a sequence {kn} such that Q < kn < I and A;„ -> 0. 
Define the mapping FnX = k^xo + (1 - fc„)Fx for all x e K. Then, by Theorem 
L6.6, Fn has a fixed point Xn for each n. Hence, there exists a y„ G Fxn such that 
^n — knXQ 4- (1 — kn)yn-
If (/ — F) is demiclosed on K, then by the weak compactness of K there exists a 
subsequence {xm} of {xn} which converges weakly to an element z in K. Further, 
we have 
Ikn i - ynJI = , "; Iko - Xnjj ^ 0 as 2 -> OO. 
1 -km 
Thus 0 G (/ - F)z\ that is, 2 G Fz. 
Suppose (/ — F) is semiconvex on K. We have 
k 
d{Xn,FXn) < \\Xn-yn\\ < T ^ T T H ^ O ~ ^"H "^ 0 aS n - ^ OO. 
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So, m{{d(x, Fx) :xeK} = 0. Define Hr = {x e K : d{x, Fx) < r] where r > 0. It 
can be seen due to semiconvexity (Ko [54]) that Hr is a weakly closed convex subset 
of K for every r > 0. The family {Hr : r > 0} has finite intersection property. Since 
K is weakly, we have r\{Hr : r > 0} 7^  0. But for any point in r\{Hr : r > 0} is a 
fixed point of F. 
The following interesting corollaries are worth mentioning. 
Corollary 1.6.1 [108] Let i<' be a nonempty weakly compact convex subset of a Ba-
nach space X which satisfies Opial's condition. If F : K -^ C{X) is a nonexpansive 
mapping which is also weakly inward, then F has a fixed point. 
Corollary 1.6.2 [108] Let K he a compact convex subset of a Banach space X 
and let F : K -^ C'(X) be nonexpansive and weakly inward. Then F has a fixed 
point. 
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Definition 1.6.11 Let X be a Banach space and F : X -^ 2-^. Then F is said 
to be convex if for any x,y G X and z — Xx + {1 — X)y, 0 < A < 1 and for any 
xi 6 F{x), yi € F{y), there exists zi G F{z) such that ||zi|| < A||a;i||+ (1 - A)||yi||. 
Theorem 1.6.13 [54] Let if be a nonempty weakly compact closed convex subset 
oi X. U F : K ^ 2^ is upper semicontinuous, inf d{x,F{x)) = 0 and (/ - F) is 
convex on K, then F has a fixed point in K. 
Proof. Let r > 0, define Hr = {x e K : d{x,Fx) < r}. Then Hr j^ 0, for any 
r > 0, since inf d{x,F(x)) — 0. Let x,y € Hr and ^ = Aar + (1 — X)y. Then 
d{z, F{z)) < Xd{x, F{x)) + (1 - X)d{y, F{y)) <rX + r(l -X)=r. 
Thus, z e Hr which shows that Hr is convex. Also, Hr is closed. 
Thus, Hr is closed and convex and hence weakly closed for each r > 0. The 
family {Hr : r > 0} has the finite intersection property. Therefore, by the weak 
compactness of K, nr>oHr ^ 0. 
Let X G DryoHr. Then d{x,F{x)) < r for any r > 0, hence, d{x,F(x)) = 0; i.e., 
X e Fx since F{x) is closed. Therefore, for any point in (Ir^oHr is a fixed point of 
F. 
Chang and Yen [22] gave the following result that extends several results and 
unifies ear Her ideas. 
Theorem 1.6.14 Let C be a nonempty weakly compact convex subset of a Banach 
space A" and F : C -^ 2^ a, mapping such that x -> d{x, Fx) is lower semicontinuous. 
If 
(a) mi{d{x, Fx):xeC} = 0 and 
(6) d{z,Fz) < (l){max{d{x,Fx),d{y,Fy)}) for all x,t/ € C, 0 < A < 1, 
2 = Ax + (1 — X)y, where 0 : Sft"^  —> Sf?"*" is nondecreasing, continuous from the 
right at 0 with 0(0) = 0. 
Then F has a fixed point. 
• • * • • • • 
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2.1. INTRODUCTION 
In recent years, the classical fixed point theorems such as: Brouwer fixed point 
theorem [11], Schauder fixed point theorem [87], Banach contraction principle [4] 
and a fixed point theorems for nonexpansive maps due to Browder [12, 14, 16], 
Gohde [44] and Kirk [52] proved for self-maps were extended to non-self setting (i.e. 
the domain and range space need not be the same). The existing hterature contains 
results where the topologies of the domain space and the range need not be the 
same. 
A remarkable result due to Rothe runs as follows (see [96]). 
Let B be the closed unit ball of a Banach space X. Let f : B -^ X continuous, 
f{dB) C B and f(B) compact. Then / has a fixed point. 
In general, the condition that f{dB) C -B is sufficient to ensure the existence of 
a fixed point for / . In recent years, this theorem has been generalized and improved 
in various ways. 
The importance of Ky Fan's best approximation theorem [38] hes in its unifying 
nature. It is well estabhshed by now that the best approximation theorem of Ky Fan 
has been of great importance in nonlinear analysis, fixed point theory, approxima-
tion theory, minimax theory, game theory and variational inequalities. Interesting 
extensions and generalizations have been given by several researchers which include 
in domain of fixed point theory and approximation theory. Multi-valued analogues 
of this classical theorem have also been attempted by researchers which forms a hot 
subject for further investigations. 
We need the following definitions from Approximation Theory (see [23]). 
Definition 2.1.1 Let C be a nonempty subset of a normed Hnear space X. Let 
X e X. An element y G C is called an element of best approximation to x if 
\\x~y\\=mi{\\x-z\\:zeC} 
and P{x) = {z £ C : ||a; — z|| = d{x, C)}, where Pc • X -^ 2^ is a. set-valued map 
and is said to be the metric projection. Often Pci^) is abbreviated P{x). 
If P{x) 7^  0 for every x G X, then C is called proximinal. If P{x) contains at 
most one element for every x E X, then C is called a Chebyshev set. 
If C is a Chebyshev set then P is a single-valued mapping of X onto C and is" 
called the Chebyshev map or the best approximation operator. If the space is a 
Hilbert space then P is called the proximity map. 
Definition 2.1.2 Let C be a nonempty subset of a normed linear space X and 
f : C -^ X. We seek a point x G C which is a best approximation for fx; i.e., seek 
an X € C such that 
\\x - fx\\ = d{fx, C) = inf{||/x -y\\:ye C}. (2.1.1) 
We note that y is a solution of (2.1.1) iS y is a fixed point of Pc o f, where Pc is 
the metric projection on C. The set P(x) is closed and bounded and is convex if C 
is convex. 
If / satisfies a suitable boundary condition (e.g., fxeC for all x G C), then the 
set of solutions of (2.1.1) coincides with the fixed point set of / (see Park [ 74, 75] 
for details). 
In the study of fixed points one may note that the existing literature contains 
various theorems deahng with different boundary conditions. Here, we enlist a few 
of them. 
(a) Let / : C ^ X with f{dC) C C. 
{b) U f : C -^ X with x ^ fx, then there exists a y G Ic{x) such that ||x - /x| | > 
\\y-M\. 
(c) If / : C -> X and x ^ fx, then the line segment [x, fx] has at least two points 
ofC. 
{d) If f : C -^ X and x ^ fx, then there exists a number A (real or complex 
depending on whether the vector space is real or complex) such that |A| < 1 
and y = Xx + {1- X)fx G C. 
(e) li f : C -^ X and x 7^  /x for x G dC, then there exists a, y e C such that 
| | /x-y | i< | |x- /x | | . 
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If in particular C is a ball B oi radius r with center 0, the boundary conditions 
are noted as follows: 
(f) li f : B -^ X and fx = ax for some x € dB, then a < 1 (Leray-Schauder 
condition). 
(g) li f : B -^ X, then \\fx - a:|P > | | /x |p - \\x\\^ for all x e dB (Altman's 
condition). 
While recording the important results from existing literature, we begin with the 
following theorem due to Ky Fan [38, 1969] whose utility is immense. We also opt 
to give a proof of this theorem which is essentially from Sehgal [89] and Fan [39]. 
Theorem 2.1.1 Let C be a nonempty compact convex subset of a normed linear 
space X and let / : C —> X be a continuous function. Then there exists a,y E C 
such that 
\\y - fy\\ = d{fy,C) = m{{\\x - /y | | :xeC}. (2.1.2) 
Proof. Let m : C -^ ^^ he defined by m{x) = min{||y - fx\\ : y e C}. Since / is 
continuous on C for each x G C there exists ay G C such that m{x) = ||y — /a;||. 
Define a multifunction G : C —^  2^ by 
G{x) = {yeC:\\y~fx\\^m{x)}. 
Then G{x) ^ 0. G{x) is closed and convex subset of C for each a; G C. In order 
to establish the upper semicontinuity of G, let A be a closed subset of C and let 
{xa} C G~^{A) converge to an XQ e C. This imphes that there is a y^ 6 G{xa)r\A. 
That is, ya & A and \\ya - fxa\\ = m{xa). Since A is compact, there is a yo ^ ^ 
and a subnet {y,^ } of {y^} such that y^ -^ yo and hence ||yo — /a;o|| = m{xo); i.e., 
yo G GXQ n (A). This implies that XQ G G~\A). Thus G is upper semicontinuous. 
By Ky Fan's fixed point theorem [39] we get that there is a yo G C such that 
yo G Gyo, i.e., ||yo - /yo|| = d{fyo, C). 
Remark 2.1.1 The compactness condition in Theorem 2.1.1 can not be dropped 
which is illustrated by Example 1.3.1. 
Remark 2.1.2 Schauder's fixed point theorem (i.e. Theorem 1.3.2) follows as a 
corollary to Theorem 2.1.1 if rf(/y, C) — 0. 
The following related theorem is due to Reich [79] where C is not a compact 
subset of X. 
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Theorem 2.1.2 Let C be a closed convex subset of a Banach space X such that the 
metric projection on C is upper semicontinuous. li f : C -^ X is continuous and 
f{C) is relatively compact, then there is a y G C such that \\y — fy\\ = d(fy, C). 
Lin [62] obtained an interesting extension of Ky Fan's Theorem for noncompact 
set where continuity of the map is required to be replaced by a continuous densifying 
map. 
Theorem 2.1.3 Let B be a ball of radius r with center 0 in a Banach space X and 
let / : JB ^  X be a continuous densifying mapping. Then there exists a, yo ^ B 
such that \\yo - fyo\\ = d(fyo,B). 
Proof. Define the redial retraction R: X -^ B by 
X, if\\x\\<r, 
Rx = 
M' i / | | a : | |> r . 
Then i? is a continuous 1-set contraction form X onto B. Define a self-mapping g 
of a ball B such that g{x) = Rfx for SLU x e B. Obviously, ^ is a continuous map 
from B to B. 
Also, for each nonempty bounded subset Aof B with a{A) > 0 we have a(gA) = 
aiRfA) < a{fA) < a{A). 
Thus ^ is a densifying map and has a fixed point yo = gyo = Rfyo [16]. 
Now, 
\\yo-fyo\\ = \\Rfyo ~ fyoW 
= < 
f ll/yo-/yoll = o, if\\fyo\\<r, 
i i ^ - fyoW = ji/yo - rjl = |!/yo|| - r, if WfyoW > r. 
For each y e B we have ||/yo|| -r< \\fyo\\ - \\y\\ < \\y - fyo\\. 
Hence \\yo - fyo\\ = d{fyo, B). 
The following well known result is due to Petryshyn [76]. 
Theorem 2.1.4 Let / be a continuous densifying mapping of a closed ball B about 
the origin in a Banach space X. Then / has a fixed point provided one of the 
following condition is satisfied. 
(a) If fx = ax for some x E dB, then a <1. 
(6) f{B) C B. 
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(c) f{dB) C B. 
(d) Wfx - x||2 > | | /x|p - ||x|p for all x e dB. 
Proof follows on the lines of the proof of Theorem 2.1.3, one obtains that there 
is a yo ^ -S such that Rfyo = yo- If ||/yo|| < J", then yo = Rfyo and yo is a fixed 
point of / . If ||/yo|| > r, this implies that Rfyo = | ^ . Thus, /yo = ^ y o and 
llyoll = r, i.e., yo € 5 5 and yo 7^  /yo, then, o; = '^^^ > 1, a contradiction to the 
condition (a). 
It is easy to see that each of (b) and (c) implies (a). We show that (d) implies 
(a). Suppose fx = ax for some x G dB. Then (d) imphes that (a - 1)^  > a^ - 1 or 
that Q < 1; i.e., (a) holds. 
2.2. KY FAN TYPE RESULTS IN HILBERT SPACE 
Let C be a closed and convex subset of a real Hilbert space H. Then for each a 
not belonging C one can find a unique 6 G C nearest to a, i.e., 
| | a - 6 | | = d{a,C) = inf{||a - a;|| : a; 6 C}. 
In this case C becomes a Chebyshev set and 
Pc{x) = {yeC:\\x-y\\ = d{x,C)} 
is the best approximation operator or the proximity map on H. A proximity map 
P satisfies the following natural conditions: 
(a) {x - Px, Px - Py) > 0 for all x, y 6 H, 
{b) \\Px - Py\\ < \\x - y\\ for all x,y e H and 
(c) ||x - Px\\' + \\Px ~ y|p < ||x - y|p, x^CyeC. 
The following theorem proved in Hilbert space is due to Singh and Watson [101] 
which deduces many fruitful corollaries. Here we opt to state them all. 
Theorem 2.2.1 Let (7 be a closed convex subset of a Hilbert space H. Let f : C -^ 
H he a. nonexpansive map with /(C) is bounded. Then there exists a y € C such 
t h a t | | y - / y | | = rf(/y,C). 
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Corollary 2.2,1 [101] If C is a closed bounded subset of a Hilbert space H and 
f : C -^ H is a, nonexpansive map then there is ayo E C such that 
\\yo-fyo\\ = d{fyo,C). 
Using Corollary 2.2.1, the following well known fixed point theorems can be 
derived as corollaries. Some of them are well known fixed point theorems (e.g., [18, 
76, 88]). 
Corollary 2.2.2 [18] Let C be a closed bounded convex subset of a Hilbert space 
H. Let f : C ^ H he nonexpansive. Assume for any u G dC with u = Pfu that u 
is a fixed point of Pof. Then / has a fixed point. 
Corollary 2.2.3 [76] Let Br be a closed ball of radius r with center 0 in a Hilbert 
space H. Let f : Br -^ H he a, nonexpansive map with the property that if fx — ax 
for some x G dBr, then a < 1. Then / has a fixed point. 
Corollary 2.2.4 [88] Let C be a nonemipty closed bounded convex subset of a 
Hilbert space H and let / : C —> if be a nonexpansive map such that for each 
xEdC 
\\fy-A\^\\^-y\\ ioTsomeyeC. 
Then / has a fixed point. 
Corollary 2.2.5 [88] Let C be a nonempty closed convex subset of a Hilbert space 
H and let / : C -» if be a nonexpansive map such that there exists a bounded 
subset M of C satisfying the condition, for all x € C there exists ay e M such that 
11/2: - 2/11 < ||x - y||. Then / has a fixed point. 
The following result is due to Browder [15] for nonexpansive mappings in Hilbert 
spaces. 
Theorem 2.2.2 Let C be a closed bounded convex subset of a Hilbert space H and 
let / : C ^ if be a nonexpansive mapping. Define fk{x) = kf{x) + (1 - k)xQ, where 
0 < A; < 1 and XQ is an arbitrary point in C. Let fkXk — Xk- Then Xk converges to 
yo, where ya is a fixed point of / closest to XQ. 
The following related result was estabhshed by Singh and Watson [100] where / 
is not necessarily a self-map and C is not bounded. 
Theorem 2.2.3 Let C be a closed convex subset of a real Hilbert space H. Let 
f : C -^ H he a. nonexpansive mapping with /(C) is bounded and f{dC) C C. 
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Suppose that 0 G C. Let fk{x) — kf{x) + (1 - k)xo for some XQ 6 C and 0 < A; < 1, 
fc —>• 1 and let fkXk = Xk- Then Xk converges strongly to yo, where yo is a fixed point 
of / closest to XQ. 
Proof. It is obvious that F(f) ^ 0 (cf. [101]) and F{f) is closed and convex (cf. 
[17]). So there exists a unique closest point to XQ, say yo = /yo- For simplicity, we 
take XQ — 0. Now, 
Xk 1 
I.e.. 
= l l /x.-yo|P = | |M- /2 /o lP< | |x fc -yoi r ; 
\Wf + fc^llyolP - 2fc(:Cfc,yo) < fc'dNiP + llyoiP - 2(xfc,yo)). 
|2 - '^ '^  
This gives 
\W\\^ < TTT(^fc'yo) ^ (2^ fe>yo) < Ikfcllllyoll, 
i.e., \\xk\\ < llyoll-
Since {x^} is bounded, a subsequence {xk^} of {xk} converges weakly to x. For 
simplicity, wTite {xi} in place {xjkj. Then 
p i - M i l = ||A;i/a:,i-/xi|| 
= (1 — A;i)||/xi|| —)• 0 as i —>• CO. 
Hence Xi - fxi -^ 0. 
S i n c e / - / i s demiclosed (cf. [H]), [I- f)x — 0; i.e., fx = x. Since ||a;j|| < ||yo||, 
so ||x|| < Ijyoll- But yo is closest to XQ = 0, so |[x|| = ||yo||- This implies that x = yo 
and so x-: -^ yo (weakly). Again 
\\yo\\'>\\xi\\' = \\x,-y, + yo\\' 
== \\xi - yolP + llyolP + 2{xi - yo,yo). 
The last part of the right side goes to 0 as i —)• oo, giving jjxj - yojj -->• 0. Thus Xi 
converges to yo strongly. Since Xi is a subsequence of Xk, the sequence Xk converges 
strongly to y. 
Remark 2.2.1 In above proof, the condition that / - / is monotone is not used. 
The following examples demonstrate some others facts. 
Example 2.2.1 Let / be a real valued function on [-1,1] and defined by f{x) = 1-x. 
Then / ( - I ) = 2 ^ [-1,1], i.e., / not a self-map. But / does have a fixed point. 
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Example 2.2.2 Let / be a real valued function on [0, oo] and defined by f{x) = T ^ . 
Then / is a nonexpansive mapping and /(XQ) = XQ — 2^- -^ ^^  [0)°°] is not 
bounded. 
We need the following definitions due to Browder [14]. 
Definition 2.2.1 Let 5 be a nonempty subset of a Banach space X and f : S ^ X. 
Then / is said to be semicontractive if there exists a map V of 5 x 5 into X such 
that f{x) = V{x, x) for x G 5, while 
(a) for each fixed x e S, V{., x) is nonexpansive from S to X ; 
(b) for each fixed x in S, V(x,.) is strongly continuoiis from S to X, uniformly 
for u in bounded subsets of 5' (i.e., if {vj} converges weakly to u in 5 and {uj} 
is a bounded sequence in S, then V{uj,Vj) — V{uj,v) —> 0 strongly in S). 
Now we state the following results due to Lin and Yen [63]. 
Lemma 2.2.1 Let 5 be a nonempty closed subset of a Banach space X and / a 
continuous 1-set contraction map of S into S. Then / has a fixed point in S provided 
f{S) is bounded and (/ - f){S) is closed in X. 
Theorem 2.2.4 [63] Let 5 be a nonempty closed convex subset of a Hilbert space 
H and / a continuous 1-set contraction map of S into H. Suppose that either 
(/ - Pof){S) is closed in H or (7 -- Pof){co{Pof{S))) is closed in H, where P is 
a proximity map of H into S. If f{S) is bounded, then there exists a point u in 5 
such that 
\\u-f{u)\\=^d{f{u),S). 
Proof. Since P is nonexpansive in a Hilbert space H, therefore Pof is a continuous 
1-set contraction map of S into S and also of co{Pof{S)) into co{P o f{S)). Since 
f{S) is bounded, Pof{S) is also bounded. By Lemma 2.2.1, there exists a point u 
in S such that Pof{u) — u. Hence 
\\u- f{u)\\^\\P{f{u))- f{u)\\ = d{f{ulS). 
Corollary 2.2.6 Let 5 be a nonempty closed convex subset of a Hilbert space H 
and / a continuous densifying map of S into H. If f{S) is bounded, then there 
exists a point urn S such that 
\W~f{u)\\ = d{f{ulS). 
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Proof. Let P be the proximity map of H into S. Since P is nonexpansive (cf. 
[25]) and / is continuous densifying, P o f is also a continuous densifying map o^ 
'^(PofiS)) into coiPof{S)). Also, (/ - Pof)ico{Pof{S))) is closed in H. Since / 
is also a 1-set contraction map, by Theorem 2.2.4 there exists a point u in S such 
that 
CoroUziry 2.2.7 Let 5 be a nonempty closed convex subset of a Hilbert space H 
and / a nonexpansive map of S into H. If f{S) is bounded, then there exists a 
point w in 5 such that 
\\u-f{u)\\=--d{f{u),S). 
One can note that above results remain true if the involve mappings are neither 
continuous densifying nor nonexpansive. 
Theorem 2.2.5 [63] Let 5" be a nonempty closed convex subset of a Hilbert space 
H and / a continuous semicontractive msip of S into H. If f{S) is bounded, then 
there exists a point M in 5 such that 
\\u-f{u)\\==difiu\S). 
Proof. The function / is a 1-set contraction map. Since / is semicontractive, there 
exists a continuous map V : S x S -^ H such that /(x) = V{x, x) for x € 5, V{., x) 
is a nonexpansive map of S into H and V(x,.) is a completely continuous map of S 
into H, uniformly for x e S. Since the proximity map P is nonexpansive from H to 
S, it is easily seen that P oV has all the properties which V has. Therefore P o f 
is a continuous semicontractive (1-set contraction) map. [I - P o f){co{P o f{S))) 
is closed in H. By Theorem 2.2.4, there exists a point uin S such that 
\\u-f{u)\\----d{f{u),S). 
Theorem 2.2.6 [63] Let 5 be a nonempty closed convex subset of a Hilbert space 
H, g a nonexpansive map of S into H and h a strongly continuous map of S into 
H. li f — g + h and f{S) is bounded, then there exists a point M in 5 such that 
\\u-f{u)\\=d{f{u\S). 
Proof Since f = g + hisa. semicontractive map under the representation V{u, v) = 
g{u] + h{v), then theorem follows from Theorem 2.2.5. 
Theorem 2.2.7 [63] Let 5 be a nonempty closed convex subset of a Hilbert space 
H and / a continuous 1-set contraction map of S into H. Suppose that either 
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(/ - Po f){S) is closed mHor{I-Po f){co{P o f{S))) is closed in H, where P is 
the proximity map of H into S. Assume f{S) is bounded and / satisfies one of the 
following condition: 
(a) For each x G H, there is a number A (real or complex, depending on whether 
the vector space H is real or complex) such that |A| < 1 and Xx + {I — A)/(x) e S. 
(b) For X e S with x ^ f{x), there exists y in Is{x) — {x + c{z — x) : for some z G 
S, some c > 0} such that 
| | y - / ( x ) | | < | | x - / ( x ) | | . 
(c) / is weakly inward (i.e. f{x) G Isi^) for each x e S). 
(d) For any u on the boundary of 5 if u == P o f{u), then u is a fixed point of / . 
(e) For each x on the boundary of S, ||/(x) - y|| < ||x - y|| for some y G 5. 
Then / has a fixed point in S. 
Proof. Assume that / satisfies condition (a). By Theorem 2.2.4, there exists a 
point u e S such that ||ii - /(u)| | = d{f{u),S). Suppose / has no fixed point in 
S, then ||u — /(u)| | > 0. To this u, there is a number A such that |A| < 1 and 
Au + (1 - A)/(w) = xeS. Therefore 
\\u-f(u)\\ = difiu),S)<\\x-f(u)\\ 
= \X\\\u-f{u)\\<\\u-f{u)\\, 
which is a contradiction. Hence / has a fixed point in S. 
Assume that / satisfies condition (6). By Theorem 2.2.4, there exists a point u 
in S such that 
\\u-fiu)\\=d{f{u),S). 
If It 7^  f{u), then there exists a y in Is{u) such that \\y - f{u)\\ < \\u~ f{u)\\. If 
y e S, this contradicts the choice of u. Therefore y ^ S and there exists z e S such 
that y = u + c{z-u) for some c > 1. That is, z-^y + {l~ ~)u = (1 - (5)y + /?u, 
where /? = 1 - ^ and 0 < y5 < 1. Hence 
\\z- nu)\\ = \\{i-p)y+pu- f{u)\\<{i-my- mw^-PWu- f{u)\\ 
< (1 - mn - f{u)\\ + I5\\u - f{u)\\ ^\\u- f{u)\\, 
which contradicts the choice of u. Therefore u = f{u). 
Assume that / satisfies condition (c). For each x e S, f{x) e Is{x). If x 7^  
/(x), then there exists a point y in Is{x) such that y e B{f{x), 11^ :^ |MI1)^  where 
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B{f{x), "^~y^ll) is an open ball with center f{x) and radius 11 :^:|M1. Therefore 
||y — /(x)| | < ||x — /(x)!!, and / satisfies condition (6). Hence / has a fixed point 
in S. 
Assume that / satisfies condition (d). In view of Theorem 2.2.4, there exists a 
point u in 5 such that ||u - f{u)\\ = d{f{u),S). If f{u) G S, then d{f{u),S) = 0 
and u is a fixed point of/. If/(u) ^ S, then from ||/(w) —Po/(ti)|| = d{f{u),S) = 
\\u - f{u)\\ and the uniqueness of the nearest point, P o f(u) = u. This implies that 
u lies on the boundary of S. By hypothesis, u is a fixed point of / . 
Assume that / satisfies condition (e). Using Theorem 2.2.4 and following the 
same proof as that of (6), / has a fixed point in S. 
Remark 2.2.2 The conditions (a) and (6) were first considered by Fan [38] and 
Browder [12] in an attempt to extend fixed point theorems to inward and weakly 
inward maps. The study of inward and weakly inward maps was initiated by Halpern 
and Bergman [46]. The condition (d) was considered by Browder and Petryshyn [18]. 
Schoneberg [88] considered condition (e). 
Theorem 2.2.8 Let 5 be a nonempty closed convex subset of a Hilbert space H 
and let / be either continuous densifying map or a nonexpansive map of S into H. 
If f{S) is bounded and / satisfies any one of the five conditions of Theorem 2.2.7, 
then / has a fixed point in S. 
Proof. Following the same proof as that of Theorem 2.2.4 and Theorem 2.2.7, we 
can show that {I — P o f){co{P o f{S))) is closed in H, where P is the proximity 
map of H into S. From Theorem 2.2.7, / has a fixed point in S. 
2.3. RESULTS ON CONES AND SPHERES 
In this section, we discuss recent results given on cones and spheres. A few fixed 
point theorems are derived as corollaries. Several researchers have proved fixed 
point theorems on cones in Banach spaces and have given interesting applications 
in various areas. 
In 1994, Shan [94] proved many results in Banach spaces and use the following 
notations: 
Br,R =-{xeX -.rK \\x\\ < R}, Br,R = {xeX -.rK \\x\\ < R} and 0 < r < R. 
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Theorem 2.3.1 [94] Let X be an infinite dimensional Banach space and f : B^^ 
X a 1-set contraction mapping. Suppose that there is a (^  > 0 such that 
\\f{x)\\>[\-v5)\\x\\ioxx^dBr, 
and that / satisfies the following condition: 
(•) If {un} is any sequence in 5^ ,/? such that Un — f{un) —> 0 as n —^  oo, then 
there exists u G BJ^R with u — f{u) = 0. 
Then there exists a u in B^^R such that 
\\n - f{u)\\ = d{f{u), BR) = d{f{u), Br,R). 
Theorem 2.3.2 [94] Let X be a Banach space and f : BR -^ X a. 1-set contraction 
mapping. Suppose / satisfies the following condition: 
(•) If {un} is any sequence in Br,R such that iin — f{un) —^  0 as n —>• oo, then 
there exists u e BR with u- f{u) — 0. 
Then there exists a, urn BR such that 
\\u-f{u)\\ = d{fiu),^). 
Definition 2.3.1 A nonempty subset i^ of a real Banach space X is called a cone 
if K is closed and whenever x,y e K and a,6 £ U'^, then ax + by e K. 
Set Kr=^{xeK : \\x\\ < r},dKr = {x E K : \\x\\ = r},Kr,R ^ {x e K : r < 
\\x\\< R}, and K^^ = {x E K :r <l\x\\ < R}. 
Lin [61] gave the following result for cones. 
Theorem 2.3.3 Let / : KR -^ K hea. continuous densifying mapping. Then there 
exists a u in KR such that 
\\u-fu\\ = d{fu,K^). 
Proof. Define h : K ^ B{Q,R)hy 
{ X, if llxll < R 
M- if INI > ^ -
Then /i is a contuiuous 1-set contraction. Let gx — hfx. Since K is a. cone, we get 
'K^ = B{0, R) ilK and h:K -^ B{0,R) D K. This gives g:lQ^TQ. Since / 
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is continuous densifying map, it has a fixed point say y = fy, (cf. [70]). Now, for 
y € KR we have 
\\y - /y| | = \\hfy -Jy\\ = \\fy -fy\\ = 0, if ||/yi| < R 
Rfy 
11/2/1 i fy \\fy\\-R, i f | | / y | |> i ? . 
For each x in K^, we get 
ll/y-y|| = ll/y||-i?<ll/2/l|-| |x||<||/y-a;| |. 
Eence \\y-fy\\=d{fy,K^). 
Lin [61] proved several fixed point theorems. As a sample the following is include 
here for illustration. 
Theorem 2.3.4 [61] Let / : KR -^ K he a. continuous condensing map and / 
satisfy the following: 
If for each x e KR with x ^ fx there exists ay e K f] Ij^J^x), where I-j^ (x) = 
{x + \{z — x) : z E KR and A > 0} such that 
| | y - / x | | < | | x - / x | | , 
then / has a fixed point. 
Proof. By Theorem 2.3.3, there is a M G KR such that jju - /w|| = d{fu, KR). If 
KnIxj^{u) = KR, then u — fu. Otherwise, there exists ay e KHlj^ = KR such 
that 
\\y-fu\\<\\u-fu\\ 
a contradiction. 
Results of Ky Fan type are given here when the continuous condensing functions 
are defined on a sphere. Lin [60] also derived few fixed point theorems on spheres. 
The following notations are used. 
Sr^lxeX: \\x\\ = r}, S, = {x G X : \\x\\ < r}, 
IA{X) — {X + C{Z - x)\ for some z e A and some c > 0}, 
where X is a Banach space, r a positive number and ^ is a subset of X. It is clear 
that ACIA{X). 
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Theorem 2.3.5 [60] Let Sr be a sphere with center at the origin and the radius 
r in a Banach space X. Let / be a continuous condensing map from Sr into X. If 
|(/(x)|| > r for each x G Sr, then there exists a point u E Sr such that 
\\u-f{u)\\=d{f{u),Sr)=d{fiu),Br). 
The following results are due to Park [72]. Here we opt to include its proof also. 
Theorem 2.3.6 Let Sr,X,Br and / be the same as in Theorem 2.3.5. Then either 
/ has a fixed point u G 5^ or there exists a point u €: Sr such that 
0<\\u-fu\\=d{fu,lBM)-
Proof. In view of Theorem 2.3.5, there is a, u e Sr such that ||w - /u | | = d{fu, Br). 
If ||ii - fu\\ = 0, then w is a fixed point. Suppose \\u - fu\\ > 0. Then it is shown 
that 
\\u - fu\\ < Wfu - z\\ for all z G 7B,(M)). 
In fact, for z G /^^(w)) \ Br, there exists an x G Br and c > 1 such that z = 
u i- c(x — u). Suppose that \\Ju — u\\ > \\fu — z\\. Since 
-z+ \1 ]u — X E Br, 
c \ cj 
we have 
Wfu - x\\ < -J\fu - z\\ + ( l - ^) Wfu - uW < ||u - M, 
which contradicts ||u — /M|| = d{fu, Br). Since the norm is continuous, we have 
\\u - Ml < Wfu - zW for all z G /B . (« ) -
This completes the proof. 
The following fixed point theorem is derived easily from Theorem 2.3.6. 
Theorem 2.3.7 [72] Let Sr,X and / be the same as in Theorem 2.3.6. Then / 
has a fixed point whenever one of the following condition is satisfied for x E Sr with 
x^- fx : 
(i) There exists a y G I Br i^) satisfying 
| | y - / a ; | | < | l x - / x | | . 
(M) There exists a number A (real or complex, depending on whether X is real or 
complex) such that |A| < 1 and 
Xx + {l-X)fxe7Br{x). 
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(m) fx e IBX^)-
{iv) There exist & y ^ Br satisfying \\y — fx\\ < ||x — /x|| . 
{yi) There exists a number A (as in (M)) such that 
Ax + (1 - A)/x G Br. 
(vii) fx G lBr{x) = {x + c{y-x)eX -.ye Br, Re{c) > i} . 
{via) f{Sr) C Sr. 
Proof, (i) Suppose that / has no fixed point. Then, by Theorem 2.3.6, there exists 
a u G 5r satisfying 
0<\\u-fu\\=^difujBriu)). 
On the other hand, there exists a y G Isriu) satisfying 
| | y - / n | | < | | n - / u | | , 
a contradiction. 
(M) Let y = Ax + (1 - A)/x. If x 7^  fx, then 
\\y - fx\\ = ||Ax - A/x|| = |A|||x - /x | | < ||x - /x | | 
since |A| < 1. Therefore, (ii) =^ (i). 
{in) For A = 0, Ax + (1 - A)/x = /x G /B^C^)- Hence, (m) => (ii). 
{iv) Since y e Br C Isri'^)-, (^ •^ ) =^ (0-
(y) It is well known that {Hi) <^ {v). 
{vi) It is clccir that {vi) =» {ii). 
{vii) It is well known that {vii) <^ {vi). 
{viii) Note that {viii) impUes any of {i) — {vii). 
Another similar fixed point theorem for maps satisfying the so called Leray-
Schauder boundary condition is following. 
Theorem 2.3.8 [72] Let ^ r , ^ and / be the same as in Theorem 2.3.5. Then / 
has a fixed point whenever one of the foUovi^ ing condition is satisfied: 
(zx) fx 7^  ax for each x £ Sr and a > 1. 
(x) ll/x - x|p > ||/x||2 - r2 for each x G 5^. 
{xi) ||x - fx\\ > | | /x | | for each x e Sr, x ^ fx. 
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2.4. PROLLA'S TYPE THEOREMS 
Recently, Prolla [78] proved a theorem by involving another function g with a 
view to deduce Ky Fan Theorem (i.e. Theorem 2.1.1) by setting g = L In recent 
years, ProUa's theorem generalized and improved in various ways which include 
single-valued as well as multi-valued mappings besides furnishing its application in 
fixed point theory, coincidence theory and approximation theory. For the work of 
this kind one can refer Reich [79], Carbone [19], Sehgal and Singh [90] and others. 
Prolla [78] introduced the following notion of an almost mapping in a normed 
linear spaces. 
Definition 2.4.1 Let X be a nonempty convex subset of a normed linear space X. 
A mapping g : K -^ X \s almost affine if and only if for all a;, y G ii' and uE. X, 
\\g{\x + (1 - X)y) - u\\ < \\\g{x) - u\\ + (1 - \)\\g{y) - u\\ 
for each A with 0 < A < 1. 
Using this notion of almost affinity, Prolla [78] proved following. 
Theorem 2.4.1 Let iC be a nonempty compact convex subset of a normed linear 
space X and g : K -^ X a, continuous, alm.ost affine and onto mapping. Then, for 
each continuous mapping f : K ^ X there exists an x E K satisfying 
\\gx-fx\\ = d{fx,K). (2.4.1) 
One can note that by setting g = I in Theorem 2.4.1, one gets Theorem 2.1.1 
(due to Ky Fan). Also, if /(x) € -ft' in Theorem 2.4.1, then one concludes that the 
pair (/, g) has a coincidence point. 
In order to relax compactness of K, we need the following definitions. 
Definition 2.4.2 Let C be a subset of a normed hnear space X. A sequence {?/„} 
in C is called a minimizing sequence for x € X if ||x — yn\\ —^  d{x, C). The set C 
is called approximatively compact if for all x G X, each minimizing sequence for x 
has a subsequence which converges to a point of C. 
If C is approximatively compact, then each x out side C has a nearest point in 
C, i.e., C is proximinal and C is closed. If a sequence {y^} in C is a minimizing 
sequence for x G X and converges toy eC, then t/ is a nearest point in C to x, i.e., 
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y ^ Px. If C is an approximatively compact subset of X and Px for some x € X is 
a singleton, then every minimizing sequence for x converges to Px. 
Remark 2.4.1 A compact set is approximatively compact but the converse need 
not be true. For example, the closed unit ball of an infinite dimensional uniformly 
convex Banach space X is approximatively compact but not compact. 
Theorem 2.4.2 A closed and convex set C in a uniformly convex Banach space X 
is approximatively compact (see [96]). 
Notice that if C is an approximatively compact set in X, then for each x G X 
Pix)=:{yeC:\\x-y\\=d{x,C)}^(ll 
and the map P : X -> 2*" is upper semicontinuous (see [95]). 
The following is due to Reich [79]. 
Theorem 2.4.3 Let C be an approximatively compact convex subset of X and let 
f : C ^ X he a. continuous function with /(C) relatively compact. Then there is a 
yeC such that \\y -fy\\= d{fy, C). 
Proof. Let P : X ->• 2^ denotes the metric projection on C. Consider the map 
F that assigns to each x e C the set Pf(x). Then F is upper semicontinuous. 
Also, F{x) is nonempty compact convex subset of C for each x e C. If f{C) is 
relatively compact then so is F{C) because the image of compact set under an 
upper semicontinuous mapping with compact point images is compact. Now the 
result follows from Himmelberg's Theorem [48]. 
The following result due to Sehgal and Singh [90] is useful in the subsequent 
work. 
Theorem 2.4.4 Let M be a nonempty approximatively compact subset of a Banach 
space X and P : X -^ 2^ he the metric projection of X onto M defined by 
Pix}^{yGM:\\y-x\\=dix,M}}. 
Then (a) P{x) is nonempty and 
(6) P{A) = U{P{x) : X G A} is compact for any compact subset A in X. 
The following is also given in [90]. 
Theorem 2.4.5 Let M be a nonempty convex subset of a normed hnear space X 
and let P : X -^ 2^ be the metric projection satisfying 
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(a) P{x) ^ 0 for each x eX, 
(b) P maps compact subsets of X onto compact subsets of M and g : M -^ M is 
continuous, almost affine onto map such that 
for any compact set D C M, g'~^{D) is compact. (2.4.2) 
Then for any continuous mapping f : M -^ X with /(M) relatively compact, there 
exists an X G M such that 
Mx)-f{x)\\=d{f{x),M). 
Proof. Define a multifunction C : M -> M by 
G{x) = {yeM: g{y) G P{f{x))}. 
Since g is an onto map, it follows by condition (o) that G{x) ^ 0 for any x 6 M. 
Also, since g is almost affine and continuous, we deduce that G{x) is closed and 
convex subset for each x & M. It is shown that G is an upper semicontinuous 
multifunction. 
Let Abe a, closed subset of M and x a hmit point of G~^{A). Choose a sequence 
{xn} Q G~^{A) C M such that x„ -)• x. Since for each n, G{x) n A 7^  0, choose a 
sequence {t/n} ^ -^ with y^ G G(x„) fl A. This imphes that for each n, 
lb(y.)-/WI| = rf(/W,M). (2.4.3) 
Let B denote the closure of the set F{M) and D = P{B). By condition (6), D is a 
compact subset of M. li C = g~^{D), then by (2.4.2) C is a compact subset of M. 
Further, for each n, 
Vn e Gixr.) = g-'Pfixn) Q g-'P{f{M)) C C. 
Hence, there exists a. y ^ M and a subsequence {ym} of the sequence {y^} with 
t/„, -> y. Thus, by (2.4.3) \\g{y) - f{x)\\ = af(/(x), M). This implies that y e G{x) H 
A, i.e., x 6 G"'^(A). Consequently, G is an upper semicontinuous multifunction. 
Since G{M) C C, the multifunction G satisfies the conditions of Himmelberg's 
Theorem [48]. Hence there exists an x G M with x G G{x). This implies that 
\\g{x)-f{x)\\ = d{f{xlM). 
Remark 2.4.2 If M is an approximatively compact set then P satisfies conditions 
(a) and (6) of Theorem 2.4.5. 
42 
Rem.ark 2.4.3 If M is a compact subset of X in Theorem 2.4.5, then clearly f{M) 
is compact. Further, the contuiuity oi g implies that for any compact set D, g~^{D) 
being closed is a compact subset of M. Thus, Theorem 2.4.1 is a special case of 
Theorem 2.4.5. 
Remark 2.4.4 In case g = I and M is compact in Theorem 2.4.5, then Theorem 
2.1.1 due to Ky Fan [38] is obtained. 
Remsirk 2.4,5 In case g = I and M is an approximatively compact convex subset 
of A', then one gets Theorem 2.4.3 due to Reich [79]. 
Before stating the next result the following definition is required. 
Definition 2.4.3 A nonempty subset M of normed linear space X is called approx-
imatively weakly compact (AWC) if and only if for each y G X and a sequence {xn} 
in M with 
\\xn-y\\-^d{y,M), (2.4.4) 
there exists an a; G M and a subnet {xa} of {xn} satisfying weakly. 
Note that the conditions in Definition 2.4.3 imply that ||x — y|| = d{y,M). 
Clearly, a compact set is AWC. Further, since (2.4.4) implies that {xn} is 
bounded, it follows that any subset of an infinite dimensional reflexive Banach space 
is AWC but not necessarily compact. 
The following theorem due to ProIIa [78] is proved for AWC. 
Theorem 2.4.6 Let M be a nonempty convex and AWC subset of a normed hnear 
space X and g : {M, W) -> (M, W) a continuous, almost affine and onto mapping 
satisfying 
g'^iD) is weakly compact if D is weakly compact. (2.4.5) 
Then for any continuous mapping / : {M,W) -^ (X, ||.||) with f{M) relatively 
compact in (X, |(.||), there exists an a; G M satisfying 
\\gx-fx\\ = d{fx,M). 
By setting y = / (the identity function), we deduce the following. 
Corollary 2.4.1 Let M be a convex AWC subset of a normed space X and / : 
{M, W) —> {X, |j.||) a continuous mapping. If f{M) is relatively compact, then for 
some x e M 
l|x - /x | | — d{fx,M). 
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Remai'k 2.4.6 It may be noted that if M is a compact subset of X and f : M -¥ X 
is a continuous mapping, then since for any closed set C in X, /"^(C) is compact 
and hence weakly closed, it follows that / : {M,W) —)• (A', ||.j|) is continuous and 
/(-U) is compact so Theorem 2.1.1 is a special case of Corollary 2.4.1. 
Corollary 2.4.2 Let M be a convex and AWC subset of a normed space X. Then, 
for each x G X, there exists a y E M with ||a; - y|j = d{x, M). 
Proof, It is easy to show that an AWC subset M of X is closed. In fact, if a 
sequence {xn} C M converges to x then 
llxn -a ; | | ^ 0 = d{x,M). 
Hence, any subnet {xf^} of {Xn} with xp ^ y weakly for some y e M imphes 
\\y - x\\ = 0, i.e., x = y e M. Consequently, the constant mapping / : (M,W) -)• 
(A', ||.||) defined by f{u) = x for all u G M is continuous. The result now follows 
from Corollary 2.4.1. 
Definition 2,4.4 [77] A multivalued map F : X -^ X{X is a metric space) is said 
to be admissible, if there are maps 
Fj : A'i —> Xi+i 2 = 0 ,1 ,2 , . . . , n, XQ = Xn+i = X 
such that 
(a) F = F„F,_ i . . .Fo , 
(6) Fi is acyclic and upper semicontinuous for each i and 
(c) Xi are metric spaces for each i = 1,2,..., n. 
The following theorem will be used in the proof of next theorem. 
Theorem 2,4,7 [77] Let F be a admissible compact self-map of a convex subset C 
of a Banach space X. Then F has a fixed point. 
The following result is due to Carbone [19, 1996]. 
Theorem 2.4,8 Let C be a nonempty convex subset of a normed linear space X 
and P : X -^ 2^ the metric projection satisfying 
(o) P{x) = {y e C : \\x- y\\ < \\x - z\\ for all z e C} is nonempty for each x & X 
and 
(b) P sends compact subsets of X onto compact subsets of C. 
Let g : C -> C he a continuous, onto, proper and g'^iz) an acyclic subset of C for 
every z E C. 
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Then for every continuous map f : C -^ X with /(C) relatively compact, there 
exists a.yo £ C such that 
\\9yo-fyo\\ = d{fyo,C). 
Proof. Define a multi-valued map F : C -> C by 
Fx^{yeC:gye P{f{X))}. 
Since g is an onto map, for each x e C,Fx ^ IJ}. Moreover, F{x) is closed and 
acychc (see [20]). F is upper semicontinuous multifunction. 
Indeed, if B is closed subset of C and 2 is a limit point of F~^{B), then for each 
n, F{zn) flB y^0we have {?/„} C C with ?/„ e F{zn) n B. 
Hence for each n, 
\\9yn-fZn\\=d{fZn,C). (2.4.6) 
Let A = f{C) and D = / ' (^) . By (6) .D is a compact subset of C. Since ^ is a 
proper map g''^{D) is a compact subset of C. 
Now, for each n, 
yn e F(-2n) = p-'P/(^n) '= g-'Pf{C) C g-^(D). 
Consequently, there exists a y G C and a subsequence {ym} of {y^} such that 
y„; -4y. By (2.4.6), we get | | py - /2 | | = d{fz,C). This gives y e F{z) f) B, that is, 
2 G F~^{B) which shows that F is an upper semicontinuous multifunction. 
Now, the map F = g'^ o P o / : C -->• C is an admissible map. Since /(C) 
is relatively compact, therefore F{C) = (/~^(P(/(C))) is also relatively compact 
because the image of a compact set under upper semicontinuous map with compact 
values is compact. Then F satisfies the conditions of Theorem 2.4.7 and has a fixed 
point, say yo S F{yo). This implies that 
ll^ yo-Zyoll = d{fyo,C). 
Remark 2.4.7 In case C is an approximately compact set, then conditions (a) and 
(b) are satisfied by P. 
Remark 2.4.8 In case C is a compact convex set then the condition that /(C) is 
relatively compact is not required since the continuous image of a compact set is 
compact. 
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An almost affine map satisfies the condition that g ^ (2) is an acyclic set for each 
z ^C. As a consequence we have the following result contained in [90]. 
Corollary 2.4.3 Let C be a nonempty convex subset of a normed linear space X 
and P : X -> 2*^  the metric projection satisfying (a) and (6) of Theorem 2.4.8. Let 
g : C —>• C be a continuous, onto, almost affine and proper map. Then for each 
continuous map f : C ^ X with /(C) relatively compact, there exists a. yo & C 
such that 
\\9yo-fyo\\=--d{fyo,C). 
In case C is an approximately compact set, then conditions (a) and {b) are 
satisfied and we have the following due to Carbone and Conti [20]. 
Corollary 2.4.4 Let C be an approximatively compact convex set of a normed 
linear space X and let p : C —> C continuous, onto, proper and g~^{z) be an acycUc 
subset of C for every z € C. Then for each continuous function f : C ^ X with 
/(C) relatively compact there exists sm Xo £ C such that 
\\9x0- fxoW =-d{fxo,C). 
•k-k-k-k-k 
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CHAPTER 3 
KY FAN'S TYPE THEOREMS FOR 
MULTIFUNCTIONS 
3.1. INTRODUCTION 
The best approximation theorem due to Ky Fan [38] has been extended to mul-
tifunctions and yields various well known theorems as corollaries. Recently, Ky Fan 
type best approximation theorems and several fixed point theorems for continuous 
multifunctions defined on noncompact convex subsets of a topological vector space 
possessing sufficiently many hnear functionals have been given by various authors. 
Interesting results are also given whose main feature is the fact that the domain and 
range of the multifunctions may have different topologies. For the work of this kind 
one can consult Sehgal and Singh [91, 93], Roux and Singh [83], Park [73], Ding and 
Tan [30, 31] and others. Most of the proofs given in this section centers around the 
fixed point theorems for multifunctions given by Ky Fan [38] and Himmelberg [48]. 
Several interesting results on fixed point theorems for multi-valued mappings have 
been cited from Reich [80, 81]. 
3.2. BASIC RESULTS 
A result due to Reich [80] is given as follows: 
Theorem 3.2.1 Let C be a compact convex subset of a locally convex Hausdorff 
topological vector space X. If F : C ->• 2^ is a continuous point-compact, point-
convex map and p is a continuous semi norm on X, then there exists ay & C such 
that 
d,{y,Fy) = d,{Fy,C), (3.2.1) 
where dp{A, B) = inf{p(a -b) : a & A and b e B). 
Proof. For each x £ C, define 
Q,{x) = {yEC: dp{y, Fx) - d,{Fx, C)}. 
Since F is continuous so Qp is upper semicontinuous. Also Qp{x) is nonempty convex 
and closed, therefore Q^ has a fixed point by Theorem 2.1.1. That is, there is a point 
X e.C such that dp{x, Fx) = dp{Fx, C). 
Waters [106] gave the following theorem for uniformly convex Banach space. 
Before proving the results the following facts are worth noting. 
Suppose that C is a closed subset of a uniformly convex Banach space X, F : 
C —> 2^ is a compact valued multifunction and that a sequence {x„} in C converges 
to X e C. 
Fact 1. If F is upper semicontinuous, then there exists a subsequence {xn.} such 
that d{Fx,C) < limd(Fx„.,C). 
i 
Fact 2. If F is lower semicontinuous, then there exists a subsequence {xn} such 
that \imd{Fxn-,C) < d{Fx,C). 
Fact 3. If F is continuous, then lim d{Fxn,C) = d{Fx,C). 
Theorem 3.2.2 [106] Let C be a closed convex subset of a uniformly convex Ba-
nach space X and F : C -^ K{^) ^ continuous multifunction. {K{X) denotes the 
collection of compact and convex subsets of X). If F{C) is compact, then there 
exists an X G C such that d{x, Fx) = d{Fx, C). Furthermore, if d{x, Fx) > 0, then 
X € dC. 
Proof. Define G : C -> 2^ by 
G{x) = {P{y) : y E F{x) and \\P{y) - y\\ ^ d{F{x), C)}, 
P is the metric projection on C. 
Then G is an upper semicontinuous multifunction with compact and convex 
values and d{G{C)) is compact. Since P is continuous and F{x) is compact for 
each x E C, it follows by definition that G{x) is compact. Also, since PF{C) is 
compact and G{C) C PF{C), clG{C) is compact. We show that G{x) is convex for 
each X e C. Let A e [0,1] and let yi,y2 £ F{x) imply that Pyi, Py2 € G{x). Then 
d{Fx, C) < \\Xyi + (1 - A)y2 - XPy, - (1 - A)Py2|| 
< X\\y, - Py,\\ + (1 - X)\\y, - Py,\\ 
- d{Fx, C), 
which amounts to say that (1 — X)Py2 + XPyi G G{x). Hence G{x) is convex. 
It can be shown that G is upper semicontinuous. Now it suffices to show that 
G~^{A) is a closed set for each closed set A C C. Let {xn} C G~^{A) and Xn -> x. 
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Then by definition Gxn n ^ 7^  0 for each n. Let y„ G Fx„ so that Pyn € G{xn) H A. 
Since F(C) is compact and y„ G F{C), we may assume without loss of generahty 
that Hn -^ y ^ F{C). Since F is upper semicontinuous, therefore y G -P(x-). 
Now 
\\y-Piy}\\=:hm\\yr.-Pyr.\\ = limdiF{xr.),C)=^d{Fix),C), 
yielding thereby P{y) € G{x). Also, since P(y7i) £ A and ^l is closed, P{y) G A, 
which shows that G{x) fl v4 ^ 0 and G is upper semicontinuous. 
Let D = coG{G). Since clG{C) is compact and X is complete, D is a compact 
subset of C. Further G : D -^ 2^ is a. point compact and convex upper semicontin-
uous multifunction. So there exists an x e D such that x G G{x) (due to Ky Fan's 
Theorem 2.LI) which imphes that for some y G F{x), P{y) = x and that 
\\P{y)-y\\^d{F{xlC). 
Hence, 
d{F{xlC) < G{Fx,x) < \\y-x\\ = ||y - P(y)|| = rf(F(x),C), 
therefore, d{Fx, C) — d{Fx, x). 
Suppose that d{Fx,C) = d{Fx,x) > 0 and x G int(C). Choose y G F{x) such 
that ||y — x|| = d{Fx, x). Since C is convex there exists z G (x, y) H C, where (x, y) 
denotes the open line segment between x and y. Then 
d{Fx,C)< \\z-y\\ <\\x-y\\=d{Fx,x) = d{Fx,C), 
a contradiction. Hence x G (9C. 
The following results due to Waters [106] are recorded without proof. 
Theorem 3.2.3 Let C be a closed and convex subset of a uniformly convex Banach 
space X and F : C -^ ^{^) a continuous multifunction. If F{C) is compact, then 
either F has a fixed point or there exists an x G dG with d{x, Fx) = d{C, Fx). 
Theorem 3.2.4 Suppose that in Theorem 3.2.3, in addition, we have F{x) fl C 7^  0 
for each x & C, then F has a fixed point. 
Before, proving the result due to Waters [106] in Hilbert space, we state the 
following result due to Reich [81] which is needed in proof of theorem due to Waters. 
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Theorem 3.2.5 [81] Let C be a closed bounded convex subset of a Banach space 
X. If F : C —>• 2*^  is an upper semicontinuous condensing point compact and point 
convex multifunction, then F has a fixed point. 
Now, we state and prove the following theorem in Hilbert space due to Waters 
[106] as promised earher. 
Theorem 3.2.6 Let C be a nonempty closed and convex subset of a Hilbert space H. 
If F : C -^ 2^ is a continuous densifying point compact and convex multifunction 
with bounded range. Then there exists an x G C such that 
d{x,F{x)) = d{C,F{x)). 
Proof. Define G : C -^ - 2^ by 
G{x) = {P{y) : y € F(x) and \\P{y) - y\\ = d(C,F(x))}. 
On the lines of the proof of the Theorem 3.2.2, the function G is an upper 
semicontinuous multifunction with compact and convex values. Now we show that 
G is densifying. 
Let 5 be a nonempty bounded set in C with a{B) > 0. Since F is densifying 
aF{B) < a{B). 
Let Ai,... ,An be subsets of H each with positive diameter less than e such that 
F{B) C U^^^Aj. We have a{PAi) < a{Ai), i = I,... ,n since P is nonexpansive. 
Also, 
aG{B) < aPF{B) < aF{B) < a{B) since G{B) C PF{B). 
Therefore, G is densifying. By Theorem 3.2.5, there exists an x E C such that 
X G G{x). Hence, there exists a y G F{x) so that 
d{x,F{x)) = \\y-x\\ = d{F{x),C). • 
The following is a multi-valued analogue of a result of Lin [62] which is proved 
by Sehgal and Singh [92] in a locally convex separated topological vector space. 
Theorem 3.2.7 Let C be a subset of a locally convex separated topological vector 
space X with int(C) 7^  0 and cl{C) convex and quasi complete. Let F : C —)• 2^ 
be a continuous densifying multifunction with convex, compact values and bounded 
range. Then for each w G int(C) there exists an a: G cl{C) such that 
dp{F{x), x) = dpiF(x), d (C)) (3.2.2) 
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where p = p(w) E P (P denotes the family of seminorms on X). 
The following definitions and results are needed in the proof of the next results. 
Lemma 3.2.1 Let f : X -^ Y he an upper semicontinuous multifunction with 
compact values and let {xa : a G F} be a net in X such that x^ —> x. If y^ 6 fix^) 
for each a G F, then there exists a y G F{x) and a subnet {yp} of the net {j/^ : a G F} 
with yp -)• y. 
Definition 3.2.1 Let X be a locally convex separated topological vector space and 
U a base of absolute convex neighborhoods of the origin. A subset y of X is totally 
bounded if and only if for each [/ G U, there exists a finite set FinY such that 
YCF+U. 
For a subset Ain X, let 
M{A) = {U eU:ACB + Uhi some totally bounded subsets B of X}. 
Note that for A C X, M{co{A)) = M{A), where co(A)denotes the convex hull of A. 
Definition 3.2.2 Let G C X. A multifunction F : G -^ X is condensing if 
for each bounded but not totally bounded subset B of G, M{G) C M{f{B)) but 
M{B) ^ MifiB)). 
Definition 3.2.3 Let cc{X) denote the family of nonempty convex and compact 
subsets of X. A closed subset 5 of J^ is quasi-complete if its closed bounded subsets 
are complete. 
The following theorem is a special case of a result due to Reich [81] and is used 
in the subsequent work. 
Theorem 3.2.8 Let C be a convex, qua j^i-complete subset of X and F : C -^ 
cc{X) an upper semicontinuous condensing multifunction. If F{C) is bounded and 
F{x) n C 7^  0 for each x G C, then F has a fixed point. 
For G C X with cl{G) convex and int(G) ^ 0, let P = {p = p{w) : 
p is the Minkowski's functional of {cl{G) - w G int(G)}. 
The following lemma simplifies the proof of the Theorem 3.2.8. 
Lemma 3.2.2 Let G be a closed subset of X and F : G ^ cc{X) be a continuous 
multifunction. If a net {x^} -^ x E G, then for any continuous seminorm p on X 
and w G X, there exists a subnet {xa} with dp{F{xoc),w) -> dp{F{x),w). 
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Proof. Choose y^ £ F{xo) and y £ F{x) such that dp{ya^ w) = dp{F(xa), w) and 
p{y~w) — dp{F{x),w). By Lemma 3.2.1, there exists a 2 e F{x) and a subnet {yp} 
of the net {?/„} with yp -^ z. Let e > 0 and 
U = {u ^ X : p{u — w)< p{y — w) + e}. 
Then, U is open and y G F(a;) fl U. Consequently, there is a neighborhood V of 
X such that F{v) n f/ 7^  0 for each u G G D V (due to lower semicontinuity of F). 
Since xp —)• x, it follows that F{xp) nU ^ $ eventually. Thus, if zp 6 F{xp) n U, 
then p(z/3 —w)< p{y — w) + e. Further, zp G F{xp) implies that 
p{yp -w) < p{zp - w) <p{y-w) + € 
implying thereby 
p{z -w) < p{y -w) + €, 
which in turn yields p{z -w)= p{y - w), i.e., 
dp{Fxp, w) -» dp{z - w) = p{Fx - w). 
A multi-valued analogue of Ky Fan's theorem proved by Sehgal and Singh [91] 
which runs as follows: 
Theorem 3.2.9 [91] Let K he a, nonempty approximatively p-compact convex 
subset of a locally convex Hausdorff topological vector space X. U F : K -^ X is & 
continuous multifunction with nonempty closed convex values and F{K) is relatively 
compact, then there exists an x £ K such that 
dp{x,F{x)) = dp{Fix),K). 
Further, if dp(x, Fx) > 0, then x € OK. 
Proof. Define a mapping G : K -^2^ hy 
G{x) = U{P{y) -.yeFx, dp{Fx, K) - dp{y, K)}, 
where P is the metric projection onto K. Since Fx is compact, then G{x) ^ 0. 
Further, since Fx is convex, it follows that Gx is also convex. In fact, if u and 
V are in Gar, then there exists elements yi and 2/2 in Fx such that u G Fyi^ v G Fy2 
and 
p{yi ~u) = dp{yi, K) = dp{Fx, K) = dp{y2, K) = p{y2 - v). 
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Let t e[0,l],w = tu + {l- t)v and z/s = ty^ + (1 - t)y2. Then w e K, yzEFx 
and 
dj,(y3, ^ ) < V{yz -w)< tp{y, -u) + il - t)p{y2 -v) = dj,{Fx, K) < dpiy^, K), 
which impHes that dp{y3, K) = p(y3 — w) = dp{Fx, K). 
Consequently, it follows that for any i e [0,1], 
w e P{yi) n Gx, 
which shows that Gx is convex. 
Also, since for each x ^ K 
Gx = PFx r){yeFx: dp{Fx, K) = dp(y, K)], 
and P is an upper semicontinuous function, it follows that Gx is closed, in fact, 
compact subset of K. In order to show that G is upper semicontinuous multifunction, 
we show that G~^{A) is closed for any closed subset A oi K. Let {xa} Q G'^IA) be a 
net such that Xa -> XQ € K. Since G{xa)r\A ^ 0, choose for each a, Za G G{xa)r\A. 
It then follows from the definition of G that for each a, there is a. ya G Fxa, 
with dp{Fxa,K) = dp{ya,K) and z^ G P{ya)- Since cl{F{K)) is compact and 
{yo} C F{K), without loss of generahty, we may assume that pa —^ yo & X. 
Further, F being upper semicontinuous, it follows that yo G FXQ. Also, since F is 
upper semicontinuous, P{cl{FK)) is compact and since for each a, z^ G P{ya) C 
P{Fxa) ^ P{cl{F{K))), we may again assume Za -> ZQ G -P(yo)- Now, dp{ya,K) -> 
(ip(t/o, ^ ) and since under the hypothesis of Theorem 3.2.9, the mapping g : K -^ ^ 
defined by 
g{x)^dp{Fx,K) 
is continuous, dp{Fxa, K) -> dp{Fxo, K), which implies that dp(t/o, K) = dp{FxQ, K) 
and that ZQ G G{XQ) r\A\ i.e., XQ G G~^(A). Thus, G is upper semicontinuous. Now 
using a theorem contained in Himmelberg [48] there is an a: G ii' with x G G{x)^ 
which implies that for some y E Fx with dp{Fx,K) = dp{y,K), x G F{y). Now 
since 
dp{x, Fx) < p{x -y) = dp{y, K) = dp{Fx, K) < dp{x, Fx), 
we have dp{x, Fx) = dp{Fx, K). 
If dp{x, Fx) > 0 then FxOK = $. Choose a point y E Fx such that dp{x, Fx) — 
p{x - y). If X G int(A'), then the convexity of K impHes the existence of a point 
z G dK such that p(x ~y) < dp{x, Fx) giving a contradiction. Thus x G dK. 
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The following simple example (due to Waters [106]) demonstrates that even in 
the special case of uniformly convex Banach space X, continuity of F can not be 
replaced by upper semicontinuity . 
Exjimple 3.2.1 Let X £ U^ with the Euchdean norm and let K = [0,1] x {0}. 
Clearly K is convex and compact. Define F : K -^2^ hy 
f (0,1), z / a ^ O 
i^ (a,0) = { 
[ L = the line segment [(0,1), (1,0)], if a =-0. 
F is convex and compact valued multifunction. Then for any AC X, 
' 0 , z/ A n L = 0 
K, if (0, l)eA 
{ (0,0), if{0,l)^A, AnL^0. 
F^'iA) = { 
Thus, F is an upper semicontinuous but not a lower semicontinuous multifunction 
and F(K) is compact. However, for any {a,0), 
d{{a,0),F{a,0)) > 1 = d{F{a,0),K) if a^O 
^^^d(F{0,0),K) = 0 ifa^Q. 
Thus, the conclusion of Theorem 3.2.9 is not satisfied. 
Recently, Beer and Pai [6] have extended Theorem 3.2.9 for sets that are not 
necessarily approximatively p-compact. 
Browder [12] proved the following extension of Schauder's fixed point theorem. 
It may be remarked that the sharpness of Browder's theorem stems from p being a 
continuous convex map on K x X instead of being continuous seminorm on X. 
Theorem 3.2.10 Let i^ be a compact convex subset of a locally convex Hausdorfl? 
topological vector space X and suppose that f : K ^ X \s, a. continuous map. If 
p : ii' X X :—> [0, oo) is a continuous convex map that satisfies the conditions: for 
each X ^  fx, there exists a y G IK{X) with p{x, fx — y)< p{x, fx — x). Then / has 
a fixed point. 
Let i^ be a convex subset of a locally Hausdorff' topological vector space X, p : 
K X X -^ [0, oo) a convex map and F : K -^ X a, multifunction such that for each 
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X e K, Fx is a nonempty compact convex subset of X. Note that if p is a seminorm 
on X, then p(x,y) = p(y) is a convex map. 
Definition 3,2.4 A mapping g : K -^ K \s {p - F) almost affine if and only if for 
each x,u,v G K, 0 < i < 1 
1. p{x, Fx — g{tu + (1 — t)v)) < max{p(a;, Fx — gu),p{x, Fx — gv)}, (where for 
arbitrary subsets A and B oiE,p{x,A-B) = inf{p(x,a —6) : a € A, 6 6 B}.) 
Note that if g satisfies the condition: for any z G Fx, 
2. p{x, z — g{tu + (1 - t)v)) < p{x, z — {tgu + (1 - t)gv)), then ^ is (p - F) almost 
affine for any multifunction F. 
In fact, if 2:1, 2^ ^ Ex, then since Fx is convex 
p{x, Fx - g{tu + (1 - t)v)) < p{x, tzi + (1 - t)z2 - [tgu + (1 - t)gv)) 
< tp{x, zi-gu) + {l- t)p{x, Z2 - gv). 
Since 21,^ 2 are arbitrary elements of Fx, the above inequahty yields 
p{x, Fx - g{tu + (1 - t)v)) < tp{x, Fx - gu) + (1 - t)p{x, Fx - gv) 
< mSix{p{x,Fx — gu),p{x,Fx — gv)}. 
Thus, g is a. {p — F) almost affine map. In particular, it follows that if g is 
the identity map of K then G is (p — F) almost affine for each multifunction 
F. It may also be remarked that if p is a seminorm on X and g : K -^ K is 
almost affine in the sense of Prolla [78], i.e., 
p{z - g{tu + (1 - t)v)) < tp{z - gu) + (1 - t)p{z - gv) 
for each z G X,u,v E K,0 < t < 1, then g is a, (p — f) almost affine for any 
single valued map f : K —> X. 
In what follows, here we state a result on the best approximation for a continuous 
multifunction that contains Browder's theorem and also provides extensions to some 
other known results due to Sehgal et al. [93]. 
The following result is an extension of Browder's Theorem [12]. 
Theorem 3.2.11 [96] Let K he a. compact convex subset oi X,F : K -^ cc{X) a 
continuous multifunction and p : K x X -^ [0,00) a continuous convex map. Then 
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for any continuous, onto and (p — F) almost affine map g : K ^ K, there exists a 
u G K that satisfies 
p{u, Fu - gu) = p{u, Fu ~ K) = p{u, Fu - d{lKgu)). (3.2.3) 
Consider the following simple consequence. 
Corollary 3.2.1 Under the hypotheses of Theorem 3.2.11, if for each x G K with 
g{x) ^ JPX, there exists a y G cl{lKgx) that satisfies p{x, Fx ~ y) < p{x, Fx - gx), 
then gu G Fu for all w as in Theorem 3.2.11. 
Note that Corollary 3.2.1 contains Browder's Theorem as a special case when X 
is normed space. Theorem 3.2.11 yields an extension of a recent result of ProUa [78]. 
If we take p a seminorm and g — I, an identity function, then we get a result 
similar to Reich [81]. Singh et al. [96] have taken a continuous function whereas 
Reich [81] considers upper semicontinuous multifunctions. 
Corollary 3.2.2 Let K he a, compact convex subset of a normed linear space X 
and f : K ^ X a continuous map. If g : K —^ K is a. continuous onto map that 
satisfies 
ll/z - g{tx + (1 - t)y)\\ < max{||/z - gx\l \\fz - gy\\} 
for each z,x,y G K and 0 <t <1, then there exists au E K with 
Wfu — gu\\ ~ min{||/u - x\\ : x G K} = min{||/u - a:|| : x G d{lKgu)}. 
For a continuous seminorm p on X and g and / as before, ^ is (p — / ) almost 
affine if and only if g is (p- / ) almost affine. In that case we have: 
Corollary 3.2.3 Let K he a, compact convex subset of X and F : K ^ cc{X) a 
continuous multifunction. Let g : K ^ K he a, continuous, onto and (p — F) almost 
afiine for each continuous seminorm p on X. Then, either 
(a) there exists a,u E K with gu G Fu or 
(6) there exists a continuous seminorm p on X and a u G i '^ with 
gu G dK and 0 < dp{Fu,gu) = jmn{d[Fu,x) : x G cl{lKgu)}. 
In particular, if Fx fl cl{lKgx) ^ 0 for each x e K, then (a) holds. 
Proof. If P denotes the family of continuous seminorm on X, then by Theo-
rem 3.2.11, for each p e P, there exists a. Up e K such that dp{Fup,gUp) = 
<^a 
dp{Fup,cl{lKgUp)). If for some p, dp{Fup.gUp) > 0 then gUp € OK because, oth-
erwise, gUp € mt{K) which impUes I^igup) = X and hence dp{Fup,gUp) = 0, a 
contradiction. Thus, in this case (b) holds. Suppose dp{Fup, gUp) = 0 for each 
p G P. Set Ap = {u E K : dp{Fu,gu) ~ 0}. Since F is upper semicontinuous and 
compact valued, it follows that Ap is a nonempty closed subset of K. Furthermore, 
the family Ap has the finite intersection property. 
Consequently, there is a. u & K with dp{Fu,gu) = 0 for each p G P. Since Fu is 
compact and X is Hausdorff, it follows that gu G Fu. Thus (a) holds. 
The lemma given below uses in the proof of Theorem 3.2.11. 
Lemma 3.2.3 Let K he a. nonempty subset of a topological vector space X and 
F : K -^ 2-^ a, lower semicontinuous multifunction. Let p : K x X -^ [0, oo) be a 
continuous map. Let x G K and let {xa : a G A} and e > 0, there exists a /? G A 
and a net {za • Za G Fxa, a > /?} such that 
p{xa, Za-y) < p{x, z-y) + € for all a > /9. 
Proof. Since p is continuous, it follows that ior {x,z - y) e K x X and e > 0 
there exists a neighbourhood U of the origin such that for any v E (U + x)nK and 
w eU -\- {z -y), 
p{v,w) <p{x,z-y) + e. (3.2.4) 
Since, F is lower semicontinuous and z G Fxr\{U + z), there exists a neighbourhood 
V of the origin with K C ^ and Ft H (C/ + 2) ^ 0 for each te{V + x)nK. Choose 
a ^ G A such that XaeiV + x)nK for a > (5. Then, Fxa n ([/ + 2) 7^  0 for a > /?. 
Choose for each a> ^ a. z^E Fxa r]{U + 2). Then, 
Za-y = {za-z) + {z-y)EU+{z-y) 
and by (3.2.4), for a > P, p{xa, Za-y) < p{x, z -y) + e. 
•k-kick-k 
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4.1. INTRODUCTION 
Fixed point theorems have been used in many ways in approximation theory. 
Amongst them one is to prove existence of best approximants using fixed point the-
orems which include Bano et al. [5], Brandt [8], Brosowski [9], Ky Fan [38], Hicks and 
Humphries [47], Reich [79], Sahney et al. [86], Singh [97, 98, 99], Singh and Watson 
[101] and Subrahmanyam [102]. For various type of apphcations of Schauder's fixed 
point theorem, Brosowski [9], Klee [53], Meinardus [67] and Vlasov [105] are worth 
noting. Apphcation of fixed point theorem to simultaneous best approximation is 
given by Sahney and Singh [85]. For further references and a survey of the subject, 
Brosowski [10] and Cheney [24] can be referred. 
4.2. RELEVANT DEFINITIONS AND RESULTS 
In what follows, K{x,r) and i<'[x,r] denotes the open and closed ball of radius 
r respectively, both centered at x. 
Definition 4.2.1 A subset D of a normed space X is called boundedly (weakly) 
compact if for every x E X and every r > 0, the set K[x,r]r\D is (weakly) compact. 
The following results on existence of best approximations are well known (see 
Theorem 4.2.1 Let if be a compact subset of a metric space X. To each element 
X e X, there corresponds an element y E K such that 
d{x, y) = inf d{x, z) = d(x, K). 
Theorem 4.2.2 If C is a closed hnear subspace or only a closed nonempty convex 
subset of the reflexive Banach space X, then for every x ^ X, the equation ||a;-t/|| = 
d{x, C), for ?/ e C, is solvable in C. 
Example 4.2.1 Consider 5?^  with ij norm. Taking x = (1,1), xi ~ (1,0), we have 
j|x - axiW = \\l - a, 1|| — J{1 — aY + 1 =- rnin if and only if a = 1. Thus, Xi is 
the unique best approximation to x in the closed linear subspace spanned by Xi and 
denoted by [xi]. 
Example 4.2.2 Consider SfJ^  with £f norm. With 2; = (1, l),xi = (1,0), we have 
Ija; — axi\\ = max(|l — a|,l) — min if and only if |1 — a| < 1 or equivalently, 
0 < a < 2. Thus there exist infinitely many best approximations of a: in [xi] of the 
f o r m { ( a , 0 ) : 0 < a < 2 } . 
The last example shows that the element yo, minimizing ||x - yoil need not be 
imique. However, the following is true in uniformly convex Banacli spaces. 
Theorem 4.2.3 Let C be a nonempty closed convex subset of the uniformly convex 
Banach space X. Then, for every x £ X, the equation ||x — y\\ — d{x,C), where 
y e C, is uniquely solvable in C. That is , there exists exactly one yo € C such that 
\\x - yoW < \\x - y\\ for all yeC. 
In the next theorem following lemma is used. 
Lemma 4.2.1 [27] Let C be a weakly compact subset of a normed linear space 
X. Let / : X -> 5? be a weakly lower semicontinuous function on X. Then the 
infimum of / is achieved in C in the sense that there exists an XQ € C such that 
/(a;o)= inf/(a;). 
xec 
Theorem 4.2.4 Let C be a weakly compact subset of a strictly convex normed hnear 
space X. Then for every x & X, the problem ||x —1/|| = d{x, C) for y € C is uniquely 
solvable. That is , there exists exactly one yo & C such that ||x — yo|| ^ ll^ ; — y|| for 
all yeC. 
Proof. Applying Lemma 4.2.1 with f{x) = ||x - y||, it follows that there exists at 
least one y & C which minimizes ||x - y|| over C. Suppose that there are two such 
points yi and y2. Letting d to denote inf | |x — y11 we have | |x — yi 11 = | |a; — y211 = d. 
y€C 
Using the convexity of C, it follows that Ayi + (1 - A)y2 G C. So, 
c?<||Ayi + ( l - A ) y 2 - x | | 
<A | |y i -x | | + ( l -A) | | y2 -x | | 
=^d 
which implies that ||Ayi + (1 - A)y2 - x\\ = d for all A, 0 < A < 1, a contradiction 
to the fact that X is strictly convex. So, yi = y2. This completes the proof. 
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Definition 4.2.2 A Banach space is said to have tlie Oshman property if the metric 
projection on every closed convex subset is upper semicontinuous. 
Theorem 4.2.5 [79] Let C be closed convex subset of a Banach space X with the 
Oshman property. If T : C —)• X is continuous and T{C) is relatively compact, then 
there exists a point y € C such that d(Ty,C) = \\T{y) -y\\. 
Theorem 4.2.6 [10] A convex boundedly compact subset of a normed linear space 
is proximinal. 
Remark 4.2.1 The proof in [10] is established by applying Ky Fan's fixed point 
theorem. ProUa [78] also proved Theorem 4.2.6 and used fixed point theorem due 
to Bohnenblust and Karlin [7]. 
4.3. INVARIANCE OF BEST APPROXI]V[ATION 
In the considerations of best approximation, one often endeavours to know 
whether some useful property of the function being approximated is inherited by 
the approximating function. Meinardus [67] seems to be the first author to observe 
that the general fixed point theorems can be used in this setting. 
Theorem 4.3.1 [67] Let T be a continuous self-mapping of a compact metric space 
X. Let C[X, 5R] be the space of all continuous real-valued functions with supremum 
norm. Let A : C[X^ 3?] -> C[X, 3?] be Lipschitzian with constant I. Suppose further 
that Af{T{x)) = f{x) and Ah{Tx) e V, whenever h{x) e V, where V^  is a finite 
dimensional subspace of C[X, 3?]. Then there is a best approximation g oi f with 
respect to V such that Ag{T{x)) = g{x). 
Proof. Define the mapping S by Sg{x) = Ag{Tx). Then S is nonexpansive. Indeed, 
\\Sg-Sg^\\ = \\Ag{Tx)-Ag^{Tx)\\ 
<\\gT{x)-g^T{x)\\ 
< ll^-^ill-
Now the set of best approximations is convex and closed. An appeal to the 
Arzela-Ascoli Theorem guarantees compactness. Hence, the theorem follows from 
Schauder's fixed point theorem. 
Theorem 4.3.1 was extended by Brosov/ski [9] in following v/ay. 
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Theorem 4.3.2 Let T be a linear and nonexpansive self-mapping of a Banach space 
X. Let C be a T-invariant set and y a T-invariant point. If Pc{y) is nonempty 
compact and convex, then T has a fixed point which is a best approximation to y 
in Pc{y)-
Brosowski's result was further extended by Singh [99], where a convex set was 
replaced by a star-shaped set and the linearity of the mapping was removed. 
Further extensions of Meinardus's results are given by Subrahmanyam [102] and 
Singh [99]. Before stating the results of Subrahmanyam [102] and Singh [99], we 
recall the following definition given by Edelstien [36] in 1961. 
Definition 4.3.1 A self-mapping T of a metric space X is said to be locally 
contractive if for every x £ X there exists e and A(e > 0,0 < A < 1) both of 
which may depend on x such that p,q £ S{x, e) = {y €^ X : d{x, y) < e] imphes 
d{Tp,Tq) < Xd{p,q). T is called (e, A) uniformly locally contractive if it is locally 
contractive and neither e nor A depends on x. 
Theorem 4.3.3 [102] Let t^  be a finite dimensional subspace of a normed hnear 
space X and suppose that T : X -^ X has a fixed point x such that ||a; — y|| < 
d{x, V) => \\Tx - Ty|| < ||z - t/||. If T maps V into itself, then x has best approxi-
mation in V which is another fixed point of T. 
Theorem 4.3.4 [99] Let T be a self-mapping of a normed linear space X. Let C 
be a subset of X such that C is T-invariant and let 5 € X be a T-invariant point. 
Suppose Pcix) is nonempty compact and star-shaped. If 
(a) T is continuous on Pc(^) aiid 
(b) \\x-y\\< d{x,C) ^\\Tx- Ty\\ <\\x-y\\ for all x,y e Pcix) U {x}. 
Then C contains a T-invariant point which is a best approximation to x in C. 
Proof. First, we show that T : Pc{x) -^ Pc{x). Let y € Pc{x). Then [jTy - x|| = 
\\Ty - T^ll implies that Ty G Pcix). Let p be the star-center of Pc(x). Then 
Ap -I- (1 — A)x G Pc{x) for all x G Pc{x)- Let A;„ be the sequence with 0 < A;„ < 1 
which converges to 1. Define T„ : Pc{x) —> Pc{x) as follows: 
Tn{x) = knTx -f (1 - kn)p for all X G Pc{x), 
then IJT^ a; - T^y\\ = KWTx -Ty\\< KWx - y\\ for \\x - y\\ < d{x, C). 
Thus, each T^ is (d(x, C), fcn) uniformly locally contractive for each n = 1,2, It 
follows from a result due to Edelstein [36] that each T^  has a unique fixed point, 
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say, Xn- Since Pc{^) is compact, {xn} has a subsequence x^ —> z, say. Now 
Using the continuity of T and taking the Hmit as z —>• oo, one obtains z = Tz. 
The following useful lemma proved by Lami-Dozo [58]. 
Lemma 4.3.1 Let i^ be a nonempty wea,kly compact subset of an Opial space X. 
Let T : if -> 2^ be a nonexpansive multi-valued map. Then / - T is demiclosed on 
K. 
Recently, Latif and Bano [59] extended the result of Singh [98] to multi-valued 
nonexpansive mappings which runs as follows: 
Theorem 4.3.5 Let X be a Banach space and T : X -^ CB{X) be a nonexpansive 
map such that T{XQ) = XQ for some XQ G X. Let K he a, nonempty T-invariant 
subset of X. If / - T demiclosed on PK{XO), then PK{XO) n F{T) ^ 0 provided 
PK{XO) is nonempty weakly compact starshaped. 
Proof. Put M = PK{XQ) and let ue M. Then u e K and \\XQ - ii|| = D{xo,K). 
Let V e T{u) C K, then since 
\\v - xoll < H{T{u),T{xo)) < \\u - XQW = D[XQ,K), 
we have u € M and thus T[u) e M. Therefore T carries M into CB{M). Now, let 
q be the starcenter of M. Then, for x G Af and A(0 < A < 1), 
(1 - X)q + Ax € M. 
Take a sequence {A„} of real numbers such that 0 < A„ < 1 and A„ -> 1 as n —>• oo. 
Now, for each n define a multi-valued map T„ by setting 
Tn{x) = (1 - Xn)q + AnTx, for all X e M. 
Clearly, each T„ is a map from M into CB{M). Furthermore, for any x,y & M, we 
have 
H{Tn{x),Tn{y)) = XnH{T{xlT{y)) < A„||x - y||, 
which shows that each Tn is a contraction map. Also, M is a complete metric space, 
therefore it follows from Nadler's theorem (i.e. Theorem 1.6.6), that for each n > 1 
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there exists x„ G M such that x„ e T„(x„). This imphes that there is a y„ G T{xn) 
such that 
Xn = (1 - An)g +An^n-
M being weakly compact, for a convenient subsequence still denoted by {xn}, we 
have Xn —>• -2 € M(weakly). Now 
l l ^ n - y n l l = ( 1 - A n ) | | g - y n | | -
Put Zn = Xn — Vn ^ {I — T)xn, then 2„ -^ 0 BS n ^ oo. Since / — T is demiclosed 
on M, it follows that 0 e (/ - T)z, that is, z e F{T). 
In 2003, Bano et al. [5] extended Theorem 4.3.5 to p-normed spaces. Thus the 
following theorem due to Bano et al. contains the result of Singh [98] as a special 
case. 
Theorem 4.3.6 Let X be a complete p-normed space. Let / : X —> X be a 
weakly continuous map and let T : X -^ CB[X) be an /-nonexpansive map such 
that T(xo) = XQ for some XQ ^ X. Let M be a nonempty T-invariant subset of 
X and xo G F(T) n F{f). Assume that PM{XQ) is nonempty, weakly compact and 
starshaped with respect to q ^ F{f). Further, assume that / is continuous and 
affine map on PMixo) with /(/^(a^o)) = -Pw(a;o)- If / — T is demiclosed on PM{XQ], 
t h e n P M M n i ^ ( T ) n F ( / ) ^ 0 . 
Let X be a locally convex Hausdorff topological linear space and P be a (fixed) 
family of continuous seminorms which generates the topology of X. Let C be a 
nonempty subset of X and p be a continuous seminorm. For x E X, define 
dp{x, C) = inf{p{x -y):yeC} and Pc{x) = {y e C : p{x-y) = dp{x, C)}. 
The set C is said to be proximal with respect to p if for all x € X and Pc{x) is 
nonempty (cf.[79]). It is called approximatively compact with respect to p (approx-
imatively p-compact) if for each y E X, every net (XQ : a G A} C C such that 
p{y — Xa) —>• dp{x, C) has a subnet that converges to an element of C. 
Theorem 4.3.7 [79] Let C be an appro>dmatively p-compact convex subset of a 
locally convex Hausdorff topological linear space X and T : C —> X be continuous. 
If either C is compact or T{C) is relatively compact, then for each continuous 
seminorm p on X, there is a point y E C such that dp{Ty, C) = p(Ty - y). 
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Definition 4.3.2 A mapping T : C —> C is said to be p-contractive if for each p G P 
there is a kp with 0 < A:^  < 1 such that p{Tx — Ty) < kpp{x — y) for all x,y ^ C. If 
p{Tx — Ty) < p{x — y) for each p G P, then T is called p-nonexpansive. 
Definition 4.3.3 A locally convex Hausdorff topological vector space X is sequen-
tially complete if and only if every Cauchy sequence in X converges to some element 
in X. X is quasi-complete if every bounded closed subset of X is complete. 
Clearly, every complete space is quasi-complete and every quasi-complete space 
is sequentially complete (cf.[55]). However, the converse need not be true. 
Theorem 4.3.8 [86] Let T be a p-nonexpansive self-mapping of a locally convex 
Hausdorff topological linear space X. Let C be a T-invariant set and y a T-invariant 
point. Assume that for every p € P, Pc{y) is nonempty, sequentially complete, 
bounded and star-shaped. Further, assume that at least one of the following holds: 
(a) (/ - T)Pc{y) is closed. 
{b) T is demicompact. 
(c) T is compact. 
Then, T has a fixed point which is a best approximation to y in Pc{y)-
Corollary 4.3.1 [97] Let X,T,C and y be the same as in Theorem 4.3.8. Then 
T possesses an invariant point provided the set of best C-approximants to y is 
nonempty compact and star-shaped. 
Proof. Let Pciv) be the set of best C-approximants to y. Then, Pc{y) being 
compact, then complete and totally bounded and hence, sequentially complete and 
bounded. Moreover, it follows from the continuity of I ~ T that (/ - T)Pc{y) is 
compact and therefore closed. Thus, the corollary follows from Theorem 4.3.8 
Corollary 4.3.2 Let X, T, C and y be the same as in Theorem 4.3.8. Assume that 
for every p € P, Pc(2/) is nonempty weakly compact and star-shaped. Then T has 
a fixed point which is a best approximation toy ^ X provided I ~T is demiclosed. 
The condition that Pc{x) be nonempty and compact may be difficult to verify in 
some instances. This leads to the consideration of special cases when it is possible 
to replace compactness by weak compactness. The following result of Hicks and 
Humphries [47], which is variant of a theorem due to Browder and Petryshyn ([18], 
Theorem 4) holds in this situation. 
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Theorem 4.3.9 Let T be a nonexpansive self-mapping of a nonempty weakly com-
pact and star-shaped subset D of a Hilbert space H. Then T has a fixed point. 
Remark 4.3.1 [17] Theorem 4.3.9 is a particular case of Corollary 4.3.2 as T is 
nonexpansive and H is Hilbert space, which forces / — T to be demiclosed. 
Hicks and Humphries [47] proved the following lemma. 
Lemma 4.3.2 If T is nonexpansive and T : dC -^ C, then T : Pc{x) ->• Pc{x). 
Let K he a, nonempty subset of a locally convex topological vector space X and 
let F = {fa}aeK be a family of functions from [0, 1] into K having the property 
that for each a € K, we have /«(!) = a. Such a family F is said to be contractive, 
provided there exists a function ^ : (0,1) —>• (0,1) such that for a and P in K and 
for all t e [0,1] and p € P , we have p{fait) - fp{t)) < <f>{t)p{a - /5). The function 
F is said to be jointly continuous provided that iit-^to^ [0,1] and a ^ ao in K, 
then fc,{t) -> faoik) in K. 
Theorem 4.3.10 Let T be a p-nonexpansive self-mapping of a locally convex Haus-
dorff topological linear space X. Let C be a T-invariant and y a T-invariant point. 
Suppose that for all p G P , Pc(y) is nonempty and compact, and there is a contrac-
tive and jointly continuous family of functions associated with Pc{y)- Then T has 
a fixed point, which is a best approximation to y in Pc{y)-
Proof. Define r„ = ^ for each n = 1,2,3,.. . and let Tn : Pciv) -> Pciv) 
be defined by T„(x) = frArn) for all x e Pc{y). Since T{Pc{y)) C Pc{y) and 
0 < r„ < i, it follows that each T^ is well defined and maps Pc{y) into Pciu)-
Furthermore, for each n, for all z, z G Pc{y) and for all p G P , we have 
p{Tr,x - Tnz) = vikArn) " /r.(rn)) < 0(rn)p(a; - z). 
So, for each n, Tn is p-contraction mapping. The set Pciv), being compact, is 
complete. Each T„ has a unique fixed point x„ in Pc{y) ([19])- Since Pc{y) is 
compact, there is a subnet {xn^} of {x„} such that x„. -> x in Pc{y)- Since TnjXnj = 
Xn.., we have T^^Xn^ —)• x. Since T is continuous, it follows that T^^Xn^ -^ Tx. Using 
the joint continuity, we have 
Tn^xn, = frx^.irn,) ^ /TX(1) - Tiz). 
Since X is Hausdorlf, then hmits are unique. Hence Tx = x. 
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Remark 4.3.2 Dotson [33] observed that star-shaped subsets have the property of 
contractiveness and joint continuity. Thus the immediate consequence of the above 
result is Theorem 1 due to Singh [97]. 
4.4. CONVEXITY OF CHEBYSHEV SETS 
The important concept of a sun, which was first introduced by Efimov and 
Steckin [37], arises quite naturally in the general theory of approximation in normed 
linear spaces. In fact, every convex set has this property, a sun may be regarded 
as a generalization of a convex set. Vlasov [105] showed that in a smooth Banach 
space, every proximinal sun is convex. 
Definition 4.4.1 A Chebyshev set C C X where X is a Banach space is called a 
sun if Pci^x + (1 — A)x) = Pc{x), ioT x G X,x e C and A > 1. Equivalently, a 
Chebyshev set C is a sun if for every x e X, x is the closest point in C for every 
point on the ray xx. 
Recall C C X is boundedly compact if C n A is compact for each closed ball A 
inA\ 
Theorem 4.4.1 [105] Every boundedly compact Chebyshev set in a Banach space 
A is a sun. 
Proof. Let C be a boundedly compact Chebyshev set in A. Suppose C is not a 
sun; and seek a contradiction; i.e., there exists a point z such that no point on zz 
beyond z has z for its closest point. Consider a closed ball B with center z and 
boundary S (disjoint from C). The ball B is closed and convex. 
For a point x E B, find its projection Px in C and then join Px to z and extend 
so that it cuts S in x'. Define Q : B ^ B such that Q{x) = x'. We note that Q 
is continuous and Q{B) is compact. Hence, Schauder's fixed point theorem imphes 
that Q has a fixed point XQ G B. Thus, XQ = Q{XQ) = X'Q, i.e., X'QZXQ are in the same 
line, i.e., X'Q has XQ as the closest point, so z must have XQ as the closest point. Since 
C is Chebyshev XQ = z. Then zz has a point X'Q beyond z. This proves C is a sun. 
Definition 4.4.2 A Banach space A is called smooth ai x j^ 0 ii S = {x E X : 
\\x\\ = 1} has a unique supporting hyperpleme at TOT. 
Theorem 4.4.2 Every sun in a smooth Banach space A is convex. 
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By combining the foregoing two theorems, we have the following. 
Theorem 4.4.3 Every boundedly compact Chebyshev set in a smooth Banach space 
X is convex. 
Some other results characterizing convexity of a Chebyshev set are given by 
Brosowski [10]. 
Amir and Deutsch [2] gave the concept of moon (originally called 'Sign regular'), 
which is a generalization of a sun. Let X be a real normed linear space and X* its 
dual space, let S{X) denotes the unit sphere. 
For any x € X, the peak set of x given by 
P{x) = [feS{X*):f{x) = \\x\\}. 
Given VQ, X € X, the (open) cone of support at VQ in the direction x is defined as 
K{VQ, x) = {veX:f{v- vo) < 0, V/ G P{vo - x)} 
= {veX:f{v-x)< \\vo - x\\, V/ e P{vo - x)}. 
Definition 4.4.3 Let V' C X. A point VQ € V is called a lunar point if x ^ X and 
V n K{vo, x) 7^  0 imply VQ ^V H K{vo, x). 1^  is called a moon if each of its points 
is lunar. 
Def7.nition 4.4.4 Let VQ E S{X). VQ is called a nonlunar point of S{X) if it is not 
a lunar point, i.e., if there is some x € 5(0,1) such that VQ ^ K{vo, x) fl S{X). 
Defr^nition 4.4.5 A point VQ is called a strongly nonlunar point of S{X) if for 
each u e. K{vo,0) there is an x G -6(0,1) such that u G K{vo,x) and VQ ^ 
K{vQ,x)r\S{X). The space X is called strongly nonlunar if each VQ G S{X) is 
strongly nonlunar. 
The following results are due to Amir and Deutsch [2]. 
Theorem 4.4.4 (a) Every proximinal sun in a smooth normed Hnear space X is 
convex. 
(6) Every sun is a moon. 
(c) If X is strictly convex, then S{X) is a moon. 
(d) Let X be two dimensional. Then S{X) is a moon iff X is strictly convex. 
(e) Let X be strongly nonlunar. A subset of X is a moon iff it is a sun. 
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4.5. BEST SIMULTANEOUS APPROXIMATIONS 
Definition 4.5.1 Let C be a subset of a normed linear space X. Given any bounded 
subset B of X, define d{B, C) = inf sup |ly — .T||. An element 2 in C is said to be a 
best simultaneous approximation to B if d{B,C) ~ sup||y — z\\. 
yeB 
Note that the definition above assigns a meaning to d{B, C) that differs from the 
usual one. The following is a theorem for the best simultaneous approximation . 
Theorem 4.5.1 [85] Let C be a weakly compact convex subset of a strictly convex 
Banach space X. Then there exists a unique best simultaneous approximation from 
the elements of C to any given compact subset F oi X. 
The following result also deals with best simultaneous approximation. 
Theorem 4.5.2 [85] Let C be a reflexive subspace of a strictly convex normed 
linear space X. Then for any nonempty subset F oi X there exists one and only 
one best simultaneous approximation in C. 
The results enunciating distance between two sets have been investigated by 
several authors. Here, we opt to cite such results due to Cheney and Goldstein [25], 
Pai [71] and Sahney and Singh [85]. 
Cheney and Goldstein [25] proved the following in Hilbert space. 
Theorem 4.5.3 Let A and B be two closed convex sets in Hilbert space H. Let PA 
and PB be proximity maps for A and B, respectively. Any fixed point of PAPB is a 
point of A nearest B and conversely. 
The following result enunciating distance between two sets is due to Sahney and 
Singh [85], which extends a result of Pai [71]. 
Theorem 4.5.4 Let Aheo. closed convex locally compact subset of a strictly convex 
Banach space X whereas B a compact convex subset of X. Then there exists an 
a 6 vl and 6 € 5 such that d{A, B) = \\a- h\\. 
The following result due to Pai. 
Theorem 4.5.5 [71] Let X be a uniformly convex Banach space and let A, B be 
two closed, convex sets such that one of them is compact. Then a £ A and 6 G B 
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exist such that d{A, B) = ||a — 6||. 
Theorems 4.5.4 and 4.5.5 are particular cases of the following: 
Theorem 4.5.6 [55] Suppose that A is weakly compact and 5 is a closed convex 
weakly locally compact subset of the normed hnear space X. Then there are points 
ae A and be B such that d{A, B) = \\a- b\\. 
Remark 4.5.1. In case of reflexive Banach spaces, the above results remain true, 
if A is an arbitrary bounded closed set and B an arbitrary closed convex set. 
Since the uniformly convex Banach space is reflexive, Theorem 4.5.5 follows from 
the above observation. Since every compact (locally compact) set is weakly compact 
(weakly locally compact). Theorem 4.5.4 is a special case of Theorem 4.5.6. 
• • • • * • 
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